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1 Problems

1. Let p,7:[0,1] — C\ {0} be closed continuous curves with same base point, i.e. y(0) = (0). Show
that

w(7y * p; 0) = w(7;0) + w(y;0) .

Hint: Asusual we are sloppy as to the interval bounds. In this problem, v and p can be concatenated
because they are both loops at the same point 1(0) = v(0) = v(1). By definition of the concatenation,
v * p is the curve defined on [0, 2] given by

t if0<t<1

Closedness now means that (v % u)(0) = (v * u)(2).
2. Let y: [0,27] — C be the curve with
v(t) = cos(14t) + isin(42¢) .
Check that 7(t) # 0 for all ¢ and find the winding number of v around 0.
What is the winding number of the curve u: [0,27] — C be the curve with
p(t) = cos(14t) + isin(35t)

around 07
Hint: The curves are concatenations of simpler curves. You can use the expression of the winding

number in terms of ray crossings.

3. Is there a continuous closed curve 7: [0,1] — C so that for every n € Z, there is a point p, €
C\~([0,1]) with w(y;p) = n?



Solution: It suffices to find such a curve for all positive integers, n € N. To construct such a curve
we concatenate circles of length 2% (or any other summable sequence), for instance, we define

ct)=—-1+e* | tel0,1]

and

1
¥(0):=0 , ~(t) = c(2Mt—27"") if 27 <t< 2T

R}

The winding number of this curve around the point —3/2" for n € N is n.

4. Let v: [-1,1] — C,
v(t) = 2t + isin(nt) .

/ 1 1
+ dz .
Vz—l—l z—1

Solution: The integrand f(z) is odd, i.e. f(—z) = —f(z). The same holds for the curve, v(—t) =
—(t). Tt follows that

Compute

1
[ = [ sy a=o.
¥ -1
5. Let v: [0,1] — C be a loop. Show that the set

{peClpe C\y([0,1]),w(y,p) # 0}

is bounded.

Solution: The maps 7: [0,1] — C and the modulus |-| : C — R are continuous and [0, 1] is
compact. Hence the image |y([0,1])| is also compact. Therefore there is 7 € R{ so that ([0, 1]) C
B.(0). If p € C\ B,(0), then

%(m> >0 forall tel0,1].

Hence, with the standard branch In of the logarithm

In: C\R; = R +i(—m,7),



we can write this as

with the angle function

2o (12) (1)

Since 6(1) — 6(0) € Z we must have

w(y,p) = w (Q,o) —0(1) - 0(0) = 0.

. Compute the integral

]{ (2 — )4+ 22)(z — 1)2‘”

over the simple closed curve v shown in the picture.
What are the winding numbers of the curve v around
the singularities of the integrand?

Solution: The integrand has a removable singularity at 0, simple poles at +2¢ and a pole of order
2 at 1. The winding numbers of v around 0, —2i, +2i, 1 are —2,0, 0, —1 respectively. The residue at
0 is 0, thus we only need the residue at 1:

fes (<ez e T 1) -z

(- e—parmE=Tr)

d z _Se—1)—-be—2(—-1) —2¢-3
dz|., ((6Z -1+ 22)) B 25(e — 1)? T 25(e—1)2
Hence e
f[; S [CE A T e e

z7ex

7. Let v be the curve shown in the picture. Compute 7{
”
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Solution: The singularities of the integrand f(z) = ije;

The winding numbers are

are at 0, essential, and 1, a smple pole.

w(v,0)=2 , w(y,1)=1.

2¢7 is holomorphic near z = 1, the residue of f and 1 is

2 1

z ez 1
Res 2=1| = %>

z—1

The Laurent series of f(z) at z =0 is

Since z

By the Residue Theorem, the integral is

9 1
j{ze dz:2m'<2(§—e)—l—e):2m'(5—e)
yz2—1 2

. Let zy be an isolated, not removable singularity of f(z). Is it possible that 2, is a removable singularity
of ef*)?

Solution: If z;, were a removable singularity of e/(*), then this has a holomorphic extension g. Then

() _FEe
o = e e

Hence zq is a simple pole of f’, impossible.

. Compute the integral

°
/0 VL +t) dat-

Hint: Look at the curve below. You need to choose the branch of v/t defined on and “inside” this
curve, i.e. so that, for instance,
/et — 6it/2

for 0 <t < 2.
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10. Show that the polynomial p(z) = 27 + z* + 1 has all its zeros in the annulus Ajs/y3/2(0) =
{zeZ]|3<|z| <3}
Solution: For |z| = 3/2 we have |27| = 37/27 > 1 + 3%/2? > |1 + 2%|. By Rouché’s Theorem, the
polynomial has as many zeros in Bs/»(0) as 27, i.e. 7 and thus all of the zeros of p(z).

For |z| = 3/4 we have |27| = 37/47 < 1 — 32/4% < |1 + 22|. By Rouché’s Theorem, the polynomial
has as many zeros in Bg/4(0) as 1+ z_2, i.e. none. There are also no zeros on 0B3,4(0). Thus all zeros
Of p(Z) 116 iIl A3/473/2(0) = Bg/Q(O) \ B3/4(0>

11. Show that the function cos(z) + z has 2n zeros (counting multiplicities) in the domain
{zeC|0< R(z) < 27mn}.

It follows from this that the zeros are all simple, how?

Solution: If z = 2nm + Ai, n € Ng, A € R, ¢ € [0, 1] then

iz —iz A —A

+(2) = cos(z —|—tz:—+2nt7r—|—it/\:i+2nt7r+it/\ 0.
2 2

We estimate

| fi(z +iy)| = |cos(x + iy) + t(x + iy)|
ei(eriy) + efi(eriy)

= 5 + t(x + iy)

elyl — e—lul .
> —— —tlr + 1yl

2
- elvl 1
_7—5—\I|—’y|
For 0 < x < 2n this is positive if

ly| 1

e

—_— = > 2 — 1.1

5 >+ (1.1)

Let y € R satisfy this. Such y exists because e—; — ¢ 2% — 5o0. Thus for any h, h >y, and all z on

the boundary of
Q={z]0<R(z) <2n, |3(2)| < h}



12.

13.

14.

we have that f;(z) # 0 for all ¢ € [0, 1]. By the argument principle, f; has the same number of zeros
as fo(z) = cos(z), in Q, i.e. 2n.

To see that all these are simple, first note that f; has no real zero because for ¢ € R,

t

f(t)=cos(t)+t=1+ [ —sin(u)+1 du>0.
0 >0

But f is real, i.e. f(Z) = f(z) and therefore zeros of f come in conjugate pairs z,Z. By the above
we have two zeros in each strip (2km,2(k 4+ 1)m) + iR and these must be conjugates of each other.
Since they are not real, they must be different.

Alternatively: A (at least) double zero is also a zero of the derivative
f'(z)=—sin(z) + 1.

But the zeros of this are all of the form z = 7 + 2k, k € Z. However none of these is a zero of f,

f(m/2+ 2km) = cos(m/2) + g +2kr#0 forall keZ.

Is there a non constant entire function that takes only real values on the unit circle?

Solution: Let f € O(C) be so that f(S') C R, hence 3(f(z)) = 0 for all z € S* = 9E. By the
maximum principle, the function J(f(z)) can not have an extremum in E, hence f(z) = 0 for all
z € E. By the Identity Theorem [11.10, f = 0.

Alternatively, we apply the Schwarz reflection principle, Theorem [I1.22] to the composition f o ¢
of such a function f with the Cayley transform c¢: H — IE. This composition is holomorphic on
C\ {—i} D H. The restriction of f o ¢ to the closed upper half plane H satisfies the conditions of
the Schwarz reflection principle and therefore extends holomorphically to all of C. By the identity
theorem this extension must coincide with f o ¢, hence the singularity of f o ¢ at z = —i must be

removable. But this is only possible if f is holomorphic at co and therefore bounded. By Liouville’s
Theorem [11.8, f must be constant.

Show that for every function g € O(C) with 0 ¢ ¢(C), there is a function f € O(C) so that
ef?) = g(2) for all 2z € C.

Hint: You can not simply define f(z) := In(g(z)) because In can not be extended holomorphically
to C\ {0}. Review the definition of In on the universal cover of C\ {0}.

Solution: We must have f’e/ = ¢/, hence f' = %/. Thus we define

o= [ IC) 1. 4 n(g(0))

9(2)
where [ (t) = tz and In(0) is any complex number with e™(® = ¢(0).

Consider the domains
A1 =E\{0}={z€C|0< 2| <1} and A;5={z€C|1<]z] <5} .
(a) Is there a surjective holomorphic function

g: AO,I — A175 ?



15.

16.

Solution: Let ¢q: E — Al, 205 \ R™ be biholomorphic. Such a function exists by the Riemann
Mapping Theorem. Then

[iE=As , flz)= CI(Z)2O

is surjective and each y € A; 5 has at least 2 preimages. It follows that the restriction f: E \
{0} — A5 is still surjective.
(b) Is there a biholomorphic function
h: A(),l — A175 ?

Solution: Assume h were such a function. Since h is bounded, the singularity of h at 0 can be
removed, extending h to a holomorphic function

fﬁ E—>Y:A1’5U{f(0)} .

Because of the Open Mapping Theorem, ¢ = f(0) can not lie in the boundary of Y, hence we
must have f(0) € A;5 and Y = A; 5. Let € Ag; be the preimage of ¢ under h, hence

f_l(Q) = {O’l‘} )

and let U,V C E be disjoint open neighbourhoods of 0 and x respectively. By the Open
Mapping Theorem, f(U) and f(V') are open neighbourhoods of ¢, hence f(U) N f(V) is open
and therefore there is a point z € f(U) N f(V) \ {¢}. Thus z = f(u) = f(v) for some u € U,
v € V, hence u,v € Ay and u # v. But this contradicts the injectivity of f. Thus there is no
biholomorphic map h: Ag; — A 5.

Let f: C — C be continuous and assume that f is holomorphic on
Q=C\[-1,,1]={2€C|S(2) #00or [R(2)| > 1} .

Show that f € O (C). Is there a biholomorphic map Q@ — E\ {0}?
Hint: For the first question, use Morera’s Theorem. For the second, try to map [—1, 1] to a ray.

Solution: Let v be the boundary curve of a triangle. If this triangle lies in €2, then the line integral
of f over v is 0 because of the Cauchy Integral Theorem. If the triangle intersects [—1,1], then
proceed as in the proof of the Schwarz Reflection Principle, Theorem [11.22]

The function g(z) = =5 maps

c\ =11 — €\ ({0} ul0)

Since C \ [%, o0) is simply connected, by the Riemann Mapping Theorem, there is biholomorphic
map h: C\ [, 00) — E. The composition hog: C\ [~1,1] — E\ {i(0)} is also biholomorphic. If m
is a Mébius transformation of E with m(h(0)) = 0, then moho g maps C\ [—1, 1] biholomorphically
to E\ {0}.

Let A= {z € C|1 < |2| < 2} and consider the function f € O (C\ {0}), f(z) = L. Show that there
is no sequence (py),cy € C[z]" of polynomials converging uniformly on A to f.

Hint: Recall uniform convergence: If M is a set and (X, d) a metric space, then a sequence
(fa)nen € (XM)N converges uniformly to g € XM if

Tim_sup {d(fn(m), g(m)) [ m € M} =0.



17.

18.

Solution: The complex line integral is continuous with respect to uniform convergence on compact
sets. If f were a uniform limit of polynomials p, on A (uniform convergence on %S ! would suffice),
then there would be a polynomial p so that |p(z) — f(z)| < 1/47 for all z with |z| = 3/2. Since
polynomials are entire, closed line integrals of polynomials vanish. Thus

2 = |ﬁ|§ f(z) dz

impossible.

(2) — p(z) dz

31
< — dz < 2m——
SR O3

3
|zI=3%

For n € N let f,, be the entire function

3

fu(z) = ek

k=1

Show that (f,),cy converges compactly on the sector

S={z+iylz,yeR, y> |z}

Solution: Squaring maps S biholomorphically to the left half-plane (R < 0). In particular compact
subsets are mapped to compact subsets in the left half-plane. Thus it suffices to show that

oo
E ekz
k=1

converges compactly on the left half-plane {z € C | R(z) < 0}. If R(2) < § < 0, then

S| 3 € 30 () = L g
k=M k=M k=M 1—e

Since every compact subset of the left half-plane is contained in a half-plane
{ze C|R(z) <}
for some 9 < 0, we have shown uniform convergence on all compact sets.

For an open subset U C C consider the almost metric space CY of functions f: U — C with the
oo-distance,

doo(f,9) = sup {|f(u) — g(u)| | w € U} € Rj U {oo} .
Recall that this almost metric space is complete, any uniform Cauchy sequence converges in CY.
Show that O (U) c CY is closed.

Hint: You can not use Morera right away, because the integral of an arbitrary function f € CY over
a triangle boundary need not be defined. You need an intermediary X between O (U) and CV.

Solution: The set of continuous functions C(U,C) C CV is closed and the integral over a triangle
boundary defines a continuous map C(U,C) — C. If (f,), .y € O (U)" € C(U,C)N is a Cauchy

n—oo

sequence, then by completeness of C(U,C) c CY, f, —— f € C(U,C). But since for every
triangle boundary ¢ the map g — [ 5 9(2) dz is continuous, we have

/f(z) dz = / lim f,(2) dz= lim | f.(z) dz2=0
5 § o0 n—oo [s

by the Cauchy integral theorem. By Morera’s Theorem, f is holomorphic.



2 The Residue Theorem

2.1 The Complex Line Integral over Continuous Curves

The complex line integral of a holomorphic function extends to continuous curves. Thus let G C C be a
domain and f € O (G). For every z € G let r(z) > 0 be so that B,(.)(2) C G. The Taylor series of f at z

converges on B,(,)(z). For each z we choose an antiderivative F, of f|Br(z)(z)'

If v: [a,b] — By(:)(2) is piecewise C' then
/ 1(2) dz = Fo((b) - F.(4(a)) - (2.1)

This gives the same value for all antiderivatives F. of f|g . The complex line integral depends contin-

uously on ~, and is additive under concatenation.

r(z) (z)

For continuous, not necessarily piecewise C'-curves we use (2.1)) as definition. This can also be extended
to continuous curves in G not contained in a disk B.(z) C G. To this end, let v: [0, 1] — G be continuous.
Let 6 be a Lebesgue number of the open covering

{’7_1(Br(z)(z)) | zZ € G}

of [0,1]. Thusif J C [0, 1] is a subinterval with |.J| < §, then thereis z(.J) € G so that v(J) C B,(z(s))(2(J)).
We define the complex line integral of f € O (G) over v by summing up the differences (2.1)) of a subdivision
of the interval [0, 1],

D=1 <n<n<  Tha<T,=1 , Vi:,—7_1<9,

/f(Z) dz := Z/ f(z) dz = Z FZ([Ti—lyTi])(’Y(Ti>> - FZ([Ti—laTi])(fY(Ti—l)) (2‘2)
v i=1 Y I[mi-1,7i] i=1

Problem 2.3 Check that this does not depend on the choices involved (list these first).

Theorem 2.4 (Homotopy invariance of the integral) Let G C C be a domain, f € O(G) and
Y0,71: [0, 1] = G be continuous and homotopic relative end point. Then

Aof(z)dz _ /7 £(2) dz |

Proof: Let 79 ~py mreld, ie. H:[0,1] x [0,1] — G is continuous, H(s,t) = ~,(t) for all s € {0,1},
t €10,1], and H(s,t) = vo(t) = 71(t) for all s € [0,1], t € {0, 1}.

For s € [0, 1] let v5: [0,1] — G be the curve with ~s(t) = H(s,t). The open covering
{H_l(Br(z)(Z)) | A G}



of the compact set [0, 1] x [0, 1] has a Lebesgue number and therefore we can choose subdivisions
O=0g<o01<09< 0@ 1<0np,=1 , 0= < << " Tha<Tp=1,
and z(i,j) € G,i=1...m, j=1...n so that

H(loi-1,0i] x [7j-1,75]) C Brgaigy (2(4, 7)) -

We may assume that m =1 = o;,. Then

[ 16 d: =3 Faap(0lm) = Fros(o(-0)
= Z Foa.5(0(75)) = Fza,5)(0(75-1))
= Z Foa.5)(0(7) = Faa i) (n(75)) + Fepn (1 (7)) — Foap (n(75-1)) + Fa i) (n(75-1)) — Fa,) (00(75-1))

= F.an(0(1)) = Feay(5)+Fo.5) (0 (7)) = Feuiy (. (75-1)) 4+ Fej—n (1(75-1)) = Fe - (o(7j-1))
j=1

- Z FZ(l,J’)(%(Tj)) - Fz(1,j)(71(7j—1))

:/mf(z)dz.

The underlined terms cancel in the sum because they vanish at the ends. °

2.2 The Winding Number

Crucial for this definition is the following Lifting Theorem.

Theorem 2.5 For every continuous curve v: [0,1] — St and 9y € R so that y(0) = e™°, there is a unique
continuous function

9:[0,1] = R sothat VYt e [0,1]:~(t) =e®® and 9(0) =1, .

Corollary 2.6 Let a € C and v: [0,1] — C\ {a} be continuous. Let g € R be so that
¥(0) = a+[4(0) —ale™ .
Then there is a unique continuous function U, g, [0,1] — R so that
0y 0,(0) =g and ~(t) = a+|y(t) — al ePro0®)
Angle functions of the same curve differ by a constant,

Vyr(t) —Vpuy(t) =v—pe2rnZ forall teR.



Definition 2.7 A curve : [a,b] — X is closed if v(a) = v(b).

The winding number of a closed continuous curve y: [0,1] — C\ {a} is

v(1) = 9(0)

cZ
2

w(y,a) =

where ¥: [0,1] — R is any function so that y(t) = a + |y(t) — a| e for all t € [0, 1].

The closed curve v surrounds a € C\ ([0, 1]) if w(y,a) # 0.

Theorem 2.8

1 1
w(7,a) —]{ dz
v

271 zZ—a

for every continuous closed curve v: [0,1] — C\ {a}.

Proof: We may assume a = 0 and v(0) = (1) =1,

(1) = (B, 9(0) =0 .

This curve is homotopic relative end points to one with constant modulus, via the homotopy H: [0, 1] x
[0,1] = C\ {0} with '
H(s,t) = (1= s+ s (D)™ .
We may therefore also assume that
y(t) =’
Let
D=1 <n<n<  Ta<T1,=1

be a subdivision of [0,1] as in the definition of the complex line integral, so that we have a common
antiderivative Fj(z) of * on ([r;_1,7;]), hence

Fy(y(15)) = Fy((75-1)) = Fy(e"™)) = Fy(e"V) = id(7) — id)(75-1)

because
d

dt

Fi(e") = eﬁie“‘ =1.

t=u
Hence from the definition ([2.2))

n

7{ % dz =3 i0(ry) — 0y 1) = (1) — iD(0) = 2riw(+,0)

i=1

Theorem 2.9 (Homotopy Invariance of the Winding Number) Let H: [0,1] x [0,1] — C\ {p} be
continuous and so that H(s,0) = H(s,1) for all s € [0,1]. Let s, s € [0,1], be the curves give by

vs(t) = H(s,t). Then w(vyy,p) = w(vy,p).



Note that the curves 7, need not have the same endpoints for different s, vy is not necessarily homotopic

to 1 relative endpoints. H is a homotopy of closed curves only.

Proof: If we had H(s,0) = H(0,0) and H(s,1) = H(0,1) for all s, i.e. if 7y were homotopic relative end-
point to v; via H, then this theorem would be immediate from Theorem [2.8| and the homotopy invariance
of the integral, Theorem [2.4]

Problem 2.10 Fill in the gap in this proof of Theorem[2.9

For o, € R, a < 3, and a € C we use the following notation for rays and sectors:
R(w,a) = {a+re™ |r e R}
S(a, B) :== {eit | a<t< B}
S(Oé,ﬁ,(l) 2:CL+S(Oé7ﬁ>: {a+eit|a<t<ﬁ} .

We say that a path v: [0, 1] — C\ {a} crosses R(w, a) positively (respectively negatively) in the subinterval
[u, v] C [0, 1] if for some § < 7, we have

v([u,v]) € S(w —§,w+ 6, a)
and

v(u) € S(w —d,w,a)

resp Y(v) € S(w,w+4,a)
v(v) € S(w,w+ 6, a)

resp Y(u) € S(w,w+ 0, a)

A negative crossing

S(w,w+ 0,a)

R(w,a)

S(w—d,w,a)




Theorem 2.11 (Winding Number in Terms of Crossings) Let a € C and v: [0,1] — C\ {a} be a
loop. Assume that
O=v1<uy<vy<u <v...<Up1 SV Sup =1

and that ~y intersects R(w,a) only in intervals (u;, v;), i.e.
v(t) € R(w,a) = i : t € (uy,v;) .

Then
w(7y,a) = #positive crossings — #negative crossings .

Proof: Wlog we may assume that a = 0, w = 0 and that v(0) = v(1) € R™ = R(0,0). We can choose an
angle function @ for v so that 6(0) € (0,27). By definition of the winding number

6(1) = 2mw(v,0) +6(0) .

For any j = —1,...,k — 1 we have that 0(t) € 2nZ if t € [vj,u;41]. Thus, by the intermediate value
theorem, we have

0([vj, uja]) € (2ma(j), 2m(a(j) + 1))
for some integers a(j), j = —1,...,k — 1. By our assumptions we have
a(—1) =0
w(7,0) =a(k —1)

i+ ={

a(j) + 1 if v crosses positively in [u;, v]
a(j) — 1 if y crosses negatively in [u;, vj]

2.3 The Cauchy Integral Theorem

Let 2 C C be a domain, v: [0,1] — C a loop not surrounding any point outside €2, i.e.
Va & Q:w(v,a) =0
and f € O (). The function

$: AxQ\AQ - C
f(z) = f(u) if 2 £ u

¢(z,u) == z—u

f(u) if z=u

is continuous and ¢(-,u) and ¢(z,-) are holomorphic, by Riemann’s Removable Singularities Theorem
12.12] Since [0, 1] is compact, the function

g1(u) := ]{(b(z,u) dz



is holomorphic on €). For u not on v we have

i) = §LE10

_ f(Z) dZ— f(u) dZ
I OU LGRS w(v,u) f(w)

L2
In particular, on the set of nonsurrounded points,
H = {a e Clw(v,0) = 0 and a ¢ 7([0,1])}

the function g¢; is

z
gi1(a) = ’ zf(—ZL dz . (2.12)
Now by assumption,
C=QUH .
We extend ¢; to a function on all of C by
g1(u) if u e
g(u) = ﬁ dzifue H (2.13)
2=

By ([2.12)) the two expressions for g(u) in (2.13)) coincide whenever u € H N €2, g(u) is well-defined. Since
H N is open, g is holomorphic an all of C. There is C' € R so that

() dz‘ < ¢

z—u = ul

lg(u)] = (2.14)

5

Thus g is bounded and tends to 0 as u — oco. By Liouville’s Theorem, g = 0.

We have proved

Theorem 2.15 (Cauchy Integral Formula) Let Q C C be open, f € O(Q2), v: [0,1] — Q a loop not
surrounding any point outside §2, i.e.

Va e C\Q:w(vy,a)=0.
Then for all u € Q\ v([0,1]), )

’ p— dz = 2mi w(y,u) f(u)

Theorem 2.16 (Cauchy Integral Theorem) Let 2, v and f be as in the previous theorem[11.9 Then

J(I{f(z)dz:(].

Proof: For u € Q\ ([0, 1]) apply the Cauchy Integral Formula to the function f(z)(z — u). o



2.4 The Residue Theorem

Assume that the function f has only isolated singularities on a domain G. Thus f € O (G \ 5), and for
all s € 9, there is 7 > 0 so that f is holomorphic on B,.(s) \ {s}. Assume that none of the singularities
s € S is removable. If p € G\ S, then f is complex differentiable at p and therefore bounded in a
neighbourhood of p. By the Riemann Removable Singularity Theorem, only removable singularities can
lie in this neighbourhood, hence no points from S. It follwos that this neighbourhood lies in G'\ S, and S
is closed in G.

Note that this does not mean that S needs to be a closed subset of C. The set S can have limit points on
the boundary of G.

Let G C C be a domain and S C G be closed and discrete, i.e. for every s € S there is ry > 0 so that
Bs(s)NG = {s}. Let f € O(G\S) and let v: [0,1] — G\ S be a closed continuous curve. Let

S, ={s1,89,...5.} ={s €S |w(y,s)#0} .
This set is finite.

For each s € S choose a path fs: [0,1] — G\ S so that 3(0) = v(0) = (1), B(1) = s+ r(s)/2 and let
as(t) = s+ T(s) e*™ t € ]0,1]. Let 7, be the concatenation

Vs = B x a9 % 871 hence w(vs,s) = w(7,s) . (2.17)

The loops 75 does not surround any point outside G\ S except s. By additivity, the concatenation
T T R e

does not surround any point outside G\ S. By the Cauchy Integral Theorem (and additivity of the integral)

j{f ) dz = Z - (2.18)

The curves s do not contribute to this integral because they are involved twice in reverse direction in the
concatenation (2.17)). Thus the integral (2.18) becomes

=:2miRes(f;s;)

We therefore define

Definition 2.19 Let U C C, p €U and f € OWUN\A{p}), p is an isolated singularity of f. The residue
of f at p is

Res (f;p) = Res(f(2);z =p) = 5 lim f(z) dz = — f(z) dz

2700 720 | pl=r

where R is any positive radius so that Bg(p) C U.



The residue can be read off the Laurent series of f at p, which also explains the normalization. Let f be
holomorphic on B,.(p) \ {p} for some p € C, r > 0, and let

f2)=) clz=p)" , 0<|z=p|<r
neZ

be the Laurent series of f near p. Let 0 < R < r. Then the residue is

1 1
Res (fip) = - a(z — = Wz —p)tdz = c_
es(fip) = 5 ﬁplzRZc z 27”27|{p|230 (2 =p)" dz=c

neL

since the Laurent series converges uniformly on compact sets, and

W W [ lifn=-1
ﬁ_p|:R<Z_p) dz_ﬂ:lz dz_{01fn¢_1

Example 2.20 Residues at poles of higher order can be computed by differentiation. As an example, we

compute
62’
R —;2=0] .
es(m( P >

Since ( e has a pole of order 2 at z =0, we have

e C_o
:—+—+co+ ,

sin(z)?2 22

hence
z

2
=C_g+cC1Z2+Coz" + -,

sin(z)?2

e d
Res | — z2=0)=c 1= —
sin(z)? dxl

2e* . 2¢e%cos(z)
N Te =
sin(z) sin(z)

.2 —2cos(2)
sin(z)

2%e? 2ze% + 2%e* 2227 cos(z)

Osin(z)Q_ sin(z)2 sin(z)? o

z=0

=1
2=0

We compute the same residue by manipulating power series. Recall that
1 .
e g e
n=0

and denote by h; any holomoprhic functions.

z z z

e e e
sin(z)2 (z — + z5h1(z))2 22— ? + 28hy(2)
e* 1 e 22
= = — ([1+Z —2*hg(2 )
1— 2 4 20hy(2) 22 < 3 (2)

22
1 22 22 4

=3 <1—|—z—|—5+23h4( )> <1—|—§—z hg(Z))
1

522 1 1 5
== <1+Z+?+33h5<2)) :§+;+6+Zh5(’z)'

N



Theorem 2.21 (Residue Theorem) Let G C C be a domain and S C G a closed discrete subset. Let
v:[0,1] = G\ S be closed, continuous and not surround any point outside G. Let f € O (G\ S). Then

%f(z) dz = 27?2'211}(7, s)Res (f;s) .

sES

2.4.1 Improper Integrals

A typical case is [°° R(x) dz where R € O (H \ S), S C H finite, such that

lim |z| R(z) =0 .

Z—00

Then

/ R(z) dz / R(Te")iTe" dt’ <max{|R(2)|]| |z] =T,3(z) > 0} nT Iz
|2|=T,3(2)>0 0

For T € R*, let v and ar be the paths
yr(t) =t, t € [-T,T] and ar(t) =Te", t € [0n] .

We can now compute the improper integral with the residue theorem,

/+OO R(x) dxz = lim ' R(x) dx

T—oo _T
T
= lim (/ R(z) d:v—l—/ R(z) dz)
T—oo \J_r |2|=T,3(2)>0
= j{ R(z) dz if T is so large that S C Bz(0)
YT*or

= 27 Z Res (R, s)

seEH

—00

because w(yr * ar,s) =1 for all s € S and sufficiently large 7.

&

arp(t) = Te

S C BT(O) X




/aT R(z)dz

Example 2.22 The Fourier transform of a function f: R — R with ffooo ]f(x)]Z dr < o0 is the function
f : R — R with

21
/ iR(Te™) dt‘ < T sup |R(z)| =20
0

|z|=T

f)= [ e de

—00

We compute the Fourier transform of a(t) = 1J+t2 Since |e™**| = e3®), we can use the auzilliary path o

as above in the upper half plane if s < 0. If s > 0 we need to close the path of integration in the lower half
plane.

e—ZS

/OO e—ist g o Res (Tz:’ z = Z) if s <0

d(S) - —1isz
oo 1+t —Res<€1+7;z:—z'> if s >0

The winding numbers are +1 in the upper half plane and —1 in the lower half plane. The residues are

—182 1 s 2 2
Res | —— iz=+i) =eRes | ——;2=+i | = e*Res —Z/,—i— if 2 =+t
1+ 22 14 22 z—1 z4+1i

Ti(£1)et

Thus

Example 2.23 In order to compute

we exploit the symmetry of the integrand f(z) = vz

14247
fiz) = M1 (2) (2.24)
because i* = 1. Of course there is a choice in the 4th root of i here. We will extend /- from RT

holomorphically so that '
Vet = et for all te[—m/4,31/4] .

Thus Vi = Ve™/2 = e™/8 for instance. We now consider the paths

yr(t)=t, t€l0,T]
wr(t) =it , t €[0,T]
arp(t)=Te" | t €[0,7/2]

Because of the symmetry (2.24)),

/wa(Z) dZ—/OTf(it)i dt—i5/4/on(t) dt—i5/4/ () d= .

r



From the Residue Theorem, for T > 1,

2miRes (f, €) :f f(z) dz = lim f(z) dz
'YT*(XT*‘*)T T—o0 'yT*aT*w;l
= lim/ f(z) dz+ hm f(z) dz— hm f(z) dz
T—o00 ar . ! wr )
=0 =i5/4limy_, o fWT f(z) d=
oo 4
:/ VT g (1= 4
0 1 + $4
hence
© Y 2miRes (f, €)
——dr = —F— .
0o 1+t 1 —5/4
For the residue we get
1 1

1+20 (z—e(z—e)(z+6e)(z +6)

R \4/5 61/4 Z'l/8 l'fll/S
( 6)‘<e—e3>< - - '

)

1+ 24 e+e)(e+ed) /2202 4
/OO Vr J omi /8 738 T 1 7r
T = =— =— = :
o 1+t 4(1 —45/4) 21 —45/4  243/8 +§=3/8 " 4cos(3m/16)

Tel [, f(z)dz ~ T = 7114 12,

2.4.2 Period Integrals of Trigonometric Rational Functions

In order to compute

2 1
/ + ({0s(t) "
o 2+ sin(t)

we first rewrite the integrand

it

i z 1
1+4cos(t) 1+4¢ e e 24 9p4 i

2+S11’l(t> 2+6u*6 lt_2+z—l_222+4iz_1::f(z) y & =¢€




The integral then is the same as a complex line integral over the curve v: [0,27] — C, () = €*,

2m ) 2 ] 1 )
fletydt= [ fle)— e dt = (2) 4. = G
0 0 1€~~~ N 12 lzj=1 12
Y'(t)

In the case at hand,

" 1+ cos(t) 2422411 (z+1)2
o 2+ sin(t) o=1 22+ diz =1z =1 (2 —i(—=2 = V3) (z — (=2 4+ V3)z

v~

J(z)

The integrand J(z) has no singularities z with |z| = 1. The winding number of 7 is 1 around points in
B1(0) and 0 else. By the residue theorem, the integral is therefore equal to

There are two singularities of J(z) in By(0), with residues
Res (J(z2);2=0)=—1
(z+1)° (1 — 2i 4 v/3i)?
(z—i(=2=V3)zl,_ynryg ((—2+V3) —i(-2— V3))i(-2 + V3)
C 6+4V3-4i+2V3i  6-4V3+4i—2V3i

2V/3(-2+V3) 6 —4v/3

Res <J(z); z=1(—-2+ \/§)> =

The integral is

, 6 — 43 + 4i — 2/3i 4-92v3 83 2T
2m | —1 + =2 = s

= 7'{' = = — .
6 — 43 43 -6 12 V3

2.5 Logarithmic Derivative

Let U € C be open, p € U and f: U — S be holomorphic. If f has a pole of order —k or a zero of order
k at p, then
f(z) = (z=p)g(2)
where g(p) # 0, 00. Hence
F'(z) = k(z=p)"9(2) + (2 = p)*d'(2) ,
/ /
Pk 9

f z—p g

Since g(p) # 0, o0,

!/ /
ord(f;p):k:% ') dz:i, /') dz
X |z—p|=r f(Z) 2mi 107 f(Z)
provided that r is so small that there are no other poles/zeros of f in B,.(p), respectively that w(vy,p) =1
and v does not surround any points outside U nor any other poles or zeros of f. We can further rewrite
the integral

f’(Z) . 1 , , B 1 i )
]gf(z) dz—/f(v(t))f(’y(t)’Y(t) dt_ﬁwzd 2miw(f o7,0) .



Theorem 2.25 (Argument Principle, Pole-Zero-Counting integral, winding number) Let G C
C be a domain and f be meromorphic on G, i.e. f: G — S is holomorphic as defined in|12.15. Let A C G
be open and let v be a boundary curve for A, i.e.

Vo€ A:w(y,a)=1 , YaeC\A:w(y,a)=0.

Then the number of zeros minus the number of poles of f in A, both counted with multiplicity, is

RN S (9 (G R
Zord(f,p)—%?g j dz =w(fo~,0) .

i f(z

From the homotopy invariance of the winding number we immediately have

Corollary 2.26 (Rouché’s Theorem) Let G C C be a domain and f,g € O(G). Let A C G and
v = 0A a boundary curve of A. If
Vz e 0A:|g(z)| < [f(2)] ,

then f and f + g have the same number of zeros, counted with multiplicity, in A, i.e.

Zord(f,a) :Zord(f+g,a) :

a€A acA

Proof: By the Pole-Zero counting winding number theorem, this follows once we have that
w(fo7,0) =w((f+g)o7,0).
But this is a consequence of the homotopy invariance of the winding number. The curves
fov.(f+g)er:[0,1] = C\{0}
are homotopic. A homotopy is
H:00,1] x 0,1] = C\{0} , H(s,t) = f(y(t)) +s9(7(1)) -

This is well-defined, because for s,t € [0, 1], we have

[H(s, )l = [f(7() + s9(v(@))| = [F (V)] = |sg(v(®)] = |F (v ()] = s [g(v(1))]
> [fFOy @) = lg(rv(®)] > 0.

Definition 2.27 (Multiplicity) Let G € S = CU {00} be a domain and f € O(G,S). Fora € S we
define



If p(z) = > 1_, axz” € C[z] has degree n = degp, a, # 0, then the only zero of ]ﬁ is at oo, and

ord (Z%:oo) ~ ord (ﬁ:o) —n

because

L 1 1 1 1

p(1/2) Y Y po ez F - Y p @z R - Y po @pzF T 4y T g2

is holomoprhic at 0 exactly for j < n. Thus m(p,o0) = degp. If a € C then

p(z) —a= cH(z - )™ Zmi =degp
i=1 i=1

and
m(p,a) = ord(p(z) —a,2) = > ord (p(z) —a,z=X\) = > m;=degp .
z€S =1 =1

Thus a polynomial assumes all values with the same multiplicity equal to its degree.

p(2)
q(2)

A rational function is a quotient R(z) = of two coprime polynomials (i.e. having no common zero).

Theorem 2.28 A rational function assumes all values with equal multiplicity.

Proof: If ¢, : S — S are biholomorphic, then for all f € O(S,5), a € S we have

m(f,a) =m(¢o foi,d(a)) .

Let R be a rational function and a € S finite i.e. a € C. We will show that m(R,a) = m(R, o). If R—a
has a zero or a pole at oo we replace R(z) with R(b+1/z) where b € C and R(b) # a, 00, without changing
the multiplicity:

m(R,a) =m(R—a,0) =m(R(b+1/z) —a,0) .

Since f%(z) = R(b+ 1/z) — a has only finitely many zeros and poles and none of them at oo, there is 7" so
that R™! {0, 00} C B7(0). Let ar be a boundary curve of Br(0), e.g. ar(t) = Te" for t € [0,2x]. By the
theorem on the counting integral,

T—o0

m(R,a) — m(R,o0) = m(R,0) — m(R, 00) = Z ord (R, z) = Lw(lfi o ar,0) 0

2€R=1({0c0}) 27t

because R(ar(t)) oo, R() € C, i.e. Roar converges to a constant curve, and constant curves have

zero winding numbers. °



3 Compact Convergence

3.1 The basic complete functions spaces and the Arzela Ascoli Theorem

If £ is a set and (M, d) is a metric space, then on M¥ = {f: E — M| f a map} we consider the almost
distance
doo: MP x MF — RS U{oco} with

d(f.g) =sup{d(f(e), g(e)) | e € E} € Ry U {oo} .

If (M, d) is complete, then (M¥ . d,,) is complete, i.e. every Cauchy sequence converges. Convergence with
respect to d, is called uniform convergence.

If T is a topology on E, then
C(E,M)={f: E— M| f continuous } ¢ M*

is closed with respect to d., and therefore complete if (M, d) is complete. If E is compact then d, is finite
on C(E,M). Thus if (M,d) is complete, then (C(E, M), d) is a complete metric space as well.

Definition 3.1 Let (E,T) be a compact topological space and (M,d) be a metric space. A set H C
C((E,T),(M,d)) of continuous functions is pointwise totally bounded if for each e € E, the set
H(e) ={h(e) | h € H} is totally bounded.

The set H is equicontinuous if

Vee E,e>03U.€T,ecUVh e H:h(U.) C Bc(h(e)) .

Recall that a metric space (M, d) is totally bounded if

Vr > 03F C M finite : M = UBr(p) :

peEF

Theorem 3.2 (Arzela-Ascoli) Let (E,T) be a compact topological space and (M,d) be a metric space.
A subset H C C(E, M) is totally bounded if and only if

1. H 1is pointwise totally bounded and

2. H s equicontinuous.

A subset A C X of a topological space X is precompact (also relatively compact) if its closure is
compact. If the X is a complete metric space then a subset of X is precompact if and only if it is totally
bounded.



If H consists of differentiable functions R* > U C U 2% R¥ and there is a common bound on the functions
in H as well as one on their derivatives, then H is pointwise (totally) bounded and equicontinuous.

We will use the following immediate consequence of the Arzela Ascoli-Theorem in this case:

Corollary 3.3 Let H C C'(BY"(0),R*) be a set of continuously differentiable functions

h: BR'(0) = {z e R"| ||z|| < 1} = RF .

If H and dH = {dh | h € H} are locally bounded, then H is pointwise totally bounded and equicontinuous.
In particular, any sequence (hy,), ey € HY has a uniformly convergent subsequence.

Note that the subsequence need not converge to a differentiable function. Since all norms on a finitely
dimensional real vector space are equivalent, boundedness of dH does not depend on the norm we choose
to specify this on Hom(R", R¥).

Proof: The differential of a function h: BR*(0) — R¥ is the map

dh: BY"(0) = Hom(R",R*) | p+d,h

so that for all p, q € BY"(0),
h(q) = h(p) + dyh(q — p) + R(q,p)
with a function R so that
i 1200 P)
im

—0.
a—=p |q — |

The linear function dyh is uniquely determined by this, even if p € 9BE"(0).

We now assume H and dH locally bounded, and let e € BR"(0). Then there is U c B (0) and C € R
so that
Ve e Uh e H:[[hz)|| <C, [|d.],, <C .

Thus H(e) C Blgk(O) is bounded and by the Heine-Borel theorem totally bounded. For equicontinuity, we
estimate

|h(z) — h(e)|| < max [duhllop [[2 —el| < CdiamU < 2C  hence h(U) C BE (h(e))

forall h € H and x € U. °

3.2 Compact Convergence and Normal Families

The topology of uniform convergence, i.e. the metric topology of the (almost) distance d., has too many
open sets, and thus too few convergent sequences for most of the sequel. Thus, for instance a power series
almost never converges uniformly on its ball of convergence. We therefore will almost exclusively work



with a “weaker” topology, that can be obtained by requiring convergence to be uniform only on compact
sets. To define this, for f € C(E, M), K C E compact and r > 0, let

By, (f) = {h € C(B, M) | ¥k € K : d(h(k), f(k) <1}

and define the topology of compact convergence to be the smallest topology on M¥ in which all the
sets Bk (f) are open.

Definition 3.4 Let (E,T) be a topological space and (M,d) be a metric space. A sequence (fy),cny €

(ME)N converges compactly if for every compact K C E the sequence (fn|x),en € (]\/IK)N of the
restrictions converges uniformly: For (fn),cy € (MF)N,

fo 2225 f compact <= VK C E compact, e > 03ng n > ng. Yk € K : d(f.(k), f(k)) <€ .

A pre-compact subset subset H C MY is also called normal. Thus if M is complete, a subset H C MF¥
is normal if every sequence (hy),cy € HY contains a compactly convergent subsequence (with limit not
necessarily in H ).

Power series converge compactly on their open disc of convergence: If r is the radius of convergence of
a power series p = Y .- a,(z — p)¥, then the series converges uniformly on B,(p) whenever p < r. If
K C E =B, (p) is compact then K C B, (p) for some px < r. Thus the series converges compactly.

Theorem 3.5 Let E C C be a domain. Then O (E) C C(E,C) is closed (with respect to the topology of
compact convergence).

Proof: By Morera’s Theorem [11.19, a continuous functions f: F — C is holomorphic if Jv(f) :=
fw f(z) dz = 0 for all boundary curves « of triangles in E. Since these curves are compact Since

|y (f) = Jy(h)| < length (v)dk o (f, h)

the maps J,: C(E,C) — C are continuous. In particular, the sets J*(0) are closed. Thus
O(E) =()J5'(0)
v
is the intersection of closed sets. .

Since every point in C has a compact neighbourhood, compact convergence for functions on domains in C
is the same as locally uniform convergence.

A sequence (fn),cn € (MEYN converges locally uniformly, if every point e € E has a neighourhood U, so that the
sequence of the restrictions (fu|u,)pen € (MYe)N converges uniformly on Ue.

Theorem says that a locally uniform limit of holomorphic functions is holomorphic.



A subset H C M¥ is locally bounded if
Vee EJU e€T,ecUmeM,reR": HU) C B.(m),
where H(U) = {h(u) |u € U h € H}.

Theorem 3.6 (Montel) Let G C C be a domain and let H C O (G) be locally bounded. Then H is

normal.

Proof: Fore € G,lete € U C G and C € R be so that H(U) € B¢(0). Choose r > 0 so that Bs, C U.
Then for ¢ € U, h € H we have h(q) € B¢(0), hence H is pointwise bounded, and by the Cauchy Integral
Formula, for ¢ € B,.(e), we have

1(q)] = ¢

1 h 1 1
—j{ (2) 5 dz| < —=2m2rC'— = —
|z—p|=2r (Z Q) r

271 — 27 T

because |¢ —p| < r, |z—p| = 2r imply |z —q| > r, hence ﬁ < r2. This shows that the set of
the derivatives of the functions in H is also locally bounded. By the corrollary to the Arzela-Ascoli
Theorem, H is normal. °

Theorem 3.7 (Compact Convergence of the Derivative) Let G C C be a domain and let (hy,), oy €
O (G converge locally uniformly to h. Then h € O (G). Show that the sequence of derivatives (B! nen €

n

@ (G)N converges locally uniformly to h'.

Proof: This follows from the Cauchy integral theorem. Since (hs,), oy converges locally uniformly to h,
every point e € G has a neighbourhood, wlog Bs,.(e), so that (h,,), oy converges uniformly on Bs,(e). Thus
for every € > 0 there is N, € N| so that

Vn > N,z € Ba.(e) : |hn(x) — h(x)] <€ .

The Cauchy integral formula now gives an estimate for the derivatives at ¢ with |¢ —e| < r,

1 hn(2) — h(2)
h;q—h'q:—,j{ ————— dz
) K@l =g f P
1 € €
Or— = =
S TE T,
Thus (A7), converges uniformly on B,(e). o

4 The Riemann Mapping Theorem

4.1 Holomorphic maps of the unit disc

Theorem 4.1 (Schwarz Lemma) Let f: B1(0) — By(0) be holomorphic with f(0) = 0. Then |f'(0)] <
1 and for all z € B1(0) we have |f(2)| < |z].



If |f/(0)] = 1 or if there is p € B1(0) \ {0} with |f(p)| = |p|, then there is m € S' (m = €'0 for some
0 € R) so that for all z we have f(z) = mz. Thus f is rotation by the angle 6.

Proof: By Theorem [11.5[ on the Taylor series of a holomorphic function, f is given by a power series
converging on all of By(0) and starting with z, because f(0) = 0. Therefore f(z) = zg(z) with g €
O (B1(0)). In particular we have

1
lg(2)] < B for all z € B1(0) .

By the Maximum Principle [11.18] for any r, 0 < r < 1 the function |g| assumes its maximum on B,(0) on
the boundary, hence

i

VO<r <1zl <r:l|g(z)] < {nax lg(u)| <

ul=r

But this implies
Vz € B1(0) : [g(2)] < 1 hence |f(2)| < |z] .

I£ [£(p)] = |p| for some p € By(0)\ {0} or if p = 0 and 1 = |f(0)] = |g(0)], then [g(p)| = 1 and p is
maximum of |g|, which must be on the boundary of B;(0) if ¢ is not constant. Hence g is constant. °

Corollary 4.2 If f: H — H is biholomorphic, then

az+b
f(z)_cz—i-d

for some (CCL Z) € GLT(2,R).

Proof: The Cayley transform is the biholomorphic map

Z—1

c:H—Bi(0) , clz)= i c(i) =0, ¢(0) = —1, ¢(o0)=1. (4.3)
z41
It inverse is given by
Uy = 1y +1
ST

By the Schwarz Lemma, every biholomorphic map of the disc fixing 0 is a rotation, R;: z — ez, t € R.
Therefore a biholomorhic map of the upper half plane fixing ¢ must be of the form

e L T o L T (A T )

(S ) e () )
(g, )

N J/

-

€GLT(2,R)

where A denotes the Mobius transform of the matrix A. .



Lemma 4.4 (Transitivity of Mo6bius transformations) For p € E let w, € O (E) be the function
with -
=—". 4.5
wyle) = =L (1.5
Then w,, is a biholomorhic map E — E, w,(p) = 0, w,(0) = —p.

Proof: The function w, defines a biholomorphic map of the Riemann sphere, its inverse is given by

1 Sy = L2

wp =W—p , ’U}p ij—}—l .

We only need to check w,(E) C E, i.e.
[z =l <[1-pz|

2+ [p|* — 2p—Zp < L+ |p|* 2> — Pz — pZ .

Some simple domains can be mapped to E via Mcbius transforms and powers. For instance the quarter
disc is biholomorphically equivalent to the disc,

Q={z€C| |z|] <1, R(z) >0, %(z)>0}:{re“|0<r<1, 0<t<g}%E.

To construct such a map, recall the Cayley transform ({4.3])

z—1
ccH—-E |, z— - .
zZ+1
This maps
1t—=0——-1—=7 , 1= -1 |, ocor1

An explicit biholomorphic map ) — E is the composition

Z—=—z square

Q S g AR 2T W NE S MO —iH Sy R



4.2 The Riemann Mapping Theorem

Theorem 4.6 Let ) # G g C be a simply connected domain different from C. Then there is a biholo-

morphic map
¢: G —E =B;(0) .

Proof: The proof proceeds in three steps.

1. There is an injective holomorphic map ¢: G — E. Such a map ¢ is then biholomorphic onto its im-
age.

¢ — ¢(G)CE .

Let p € C\ G. Since G is simply connected, there is a function g € O (G) so that g(z)* = z — p,
thus “z — p has a square root on G”. The function g is injective because g has a left inverse. g is not
constant, hence open. If x € g(G), then z # 0 and —x ¢ g(G). Also, for some r > 0, B,.(z) C ¢g(G),
becaues ¢ is open. But then

B,(—2) N g(G) =0 .

The map
r

g(z) +x

is biholomorphic G = E and By composing ¢ with a Moebius transformation wg,) as defined in
(4.5) we can get 0 in the image. Thus the map

¢o:G—=>E | o(z) =

Wez) 0 ¢9: G — E
is biholomorhic and 0 € wg(,) © ¢(G). Thus for the remainder of the proof we may assume

0eGCE.

2. Surjectivity and mazximal derivative at 0: Let 0 € G C E, f: G — E holomorphic, f(0) = 0, injec-
tive, not surjective. Then there is an injective holomorphic function F': G — E with F(0) = 0
and

[F'(0)] > 1/ (0)] -

To see this, let ¢ € E\ f(G) and let w, be the Moebius transformation defined in (4.5). Then
0 € w,(f(G)). Since w,(f(G)) is simply connected, we have a holomorphic square root

sqrt: w(f(Q)) = B, (sqrt(w,(f(2)))? = w,(f(2)) foral 2€G .



Abbreviate y = sqrt(w,(f(0))) = sqrt(w,(0)) = sqrt(—q) and let A and F' be the compositions

h=w,osqtow,: f(G) = E,
F=hof:G—E.

Both are biholomorphic and A(0) = 0. The inverse of h is
h=H(2) = wy (w1 (2))?)
and therefore extends holomorphically to a map

h"Y(E) - E.

This is not biholomorphic, since the Moebius transformations are but the square is not. In particular,
h~! is not a rotation. By the Schwarz Lemma we must have (h~!)'(0) < 1, hence //(0) > 1 and

[E' ()] = [W' (O LF(0)] > [F(0)] -

3. Mazximizers for the derivative at 0 exist and are biholomorphic: Among the injective functions
f: G — E with f(0) = 0 there is one with maximal |f’(0)| and this is biholomorhic.

Crucial for this step is the functional

O(G,E.inj) = {f € O(G.E)| £(0) =0, f injective} TV, R .

E

By the Cauchy Integral formula, £ is bounded, because for f € O (G, E,inj) we can estimate

1 f(2)
— L s <
271 22 dz‘ -

1
-2

1£'(0)] = if B,(0)C @ .

|z|=r "
Thus sup reo e mmj) |f(0)] = s < 0. Since O (G, E, inj) is locally bounded, it is normal by Montel’s
Theorem. Thus there is a compactly convergent sequence

(f)uen € O(G.E,inj)"  lim fy=:f ,  lim [f,(0)] = |f'(0)) =5

By step 2, the function f is surjective. If f were not injective, then there would be two points
z,y € G so that f(x) = f(y) =: w. The zeros of the function f(z) —w must be isolated since f can
not be constant. We can therefore find a closed continuous path « in G avoiding all zeros of f(z) —w
surrounding both x,y once. Since f,, —w converges uniformly on v to f — w there is N € N so that
for all t,

[F(2(0)) = Fx(y()] < min | f(v(2)) = w] -

By Rouché’s Theorem, f and fy have the same number of zeros surrounded by v, a contradiction.

At the end of the proof of the Riemann Mapping Theorem we used a special case of lower semicontinuity
of the number of leaves, i.e. the multiplicity, i.e. of the following Theorem.



Theorem 4.7 Let G C C be a domain and (fy), ey € O ()Y, fo =25 f. Leta € C, M €N be so that

compact

Vn e N:m(fp,a) <M .

Then
m(f,a) <M or f=a.

Proof: Assume that f is not constant and m(f,a) > M. Then f~'(a) C G is discrete. There is a finite
subset P C f~*(a) and r > 0 so that

Vpe P:{p}=B.(p)Nnf*a), PNS.(p)=0 and Zord(f(z)—a;z:p)>M

peEP

The union § = {J,p S, (p) of the boundary circles is compact and f(z) — a is nowhere zero there. Thus

min [ f(z) —a| >0

exists. Since f, —— f there is N € N so that

compact

Vze§:|fn(z) = f(z)] <min|f(¢) —al

Ces

By Rouché’s Theorem, f — a and fy — a have the same number of zeros in B = Upep B, (p), counting
multiplicities, i.e.

M:m(fN,a):ZOrd(fN(z)—a;z:q) 2Zord(fN(z)—a;z:q):Zord(f(z)—a;z:q) > M

qeCG qeB q€B

a contradiction. °




Complex Analysis I - MT333P

Homework

. Compute real and imaginary part of all z € C with 22 = —8 + 6i.
Solution: We need to compute a,b € R so that
(a+ib)*> = a* — b* + 2iab = —8 + 6i ,
a?—bp?=—-8 and ab=3,
2 —
a — ? = -8 y
hence a? = 1 (the other solution, a®> = —9 does not give a € R). Thus the square roots of —8 + 6i

are
1+3¢ and —1-3¢

. Compute real and imaginary part of .
> (14t
k=0
Solution: The key to this is that
14+i=+v2¢ where ¢'=-1.

together with the formula for the geometric series

k+1

k 1_
qu:—q if g#1.
: q

Thus

Z(1+i)k _ Z(\/i@k _ 11(_\/\5/;):24 _1- 26i(i—1)31 1y,

Thus the real part is 0 and the imaginary part is 262 + 1.

. Recall the standard scalar product on R™: For x = (x1,...,2,),y = (y1,...,yn) € R" we define

(z]y) = inyi :
i=1

The euclidean norm on R" is given by
2]l = V(x| =)

and the cosine of the angle between = and y, =,y # 0, is Z(z,y) € [0, 7],

 ely)
€08 £T:9) = ol



CcOos

This is well defined because by the Cauchy-Schwarz inequality, [(z | v)| < [|z||||ly|l, and [0, 7] —
[—1, 1] is bijective .

a b

Determine all matrices A € (C d) € GL(2,R) preserving angles, i.e. so that for all z,y € R? we

have
L(Az, Ay) = L(z,y) (5.1)

whenever both sides are defined (i.e. x # 0 # y, Ax # 0 # Ay).

Solution: Since the cosine is injective in the range referred to in the definition of the angle, (5.1))
means that

(z | y) | Az]| || Ay]|
(Az | Ay) = . (5.2)
]| |y
Thus if {by,...,b,} is an orthonormal basis for R", then the vectors Aby,..., Ab, are pairwise
orthogonal. Thus there is an orthonormal basis {ci,...,¢,} and A\; € R so that

Ablz)\lcl s 221,,7’2,
Let 7' € O (n) be the orthogonal transformation of R™ with T'c; = b; for all i. Then

We may also assume that \; > 0 because the sign of \; can also be absorbed in the isometry 7. We
now show that \; = A; for all 4,j € {1,...,n}. To this end we only need to look at one other angle,
for instance the one between x = b; + b; and y = b; — b;. Clearly x,y are perpendicular and both
have norm v/2. Hence from (15.2)),

We thus have shown that for some A € RS we have

TA = \idgr hence A=\T"1.

In the special case n = 2, this gives

A_AG%M)—QMM) . A_AC%@) mm@).

sin(a)  cos(a) sin(a)  — cos(a)
because every orthogonal (2 x 2)-matrix is of the form
cos(a) —sin(a) cos(a)  sin(a)
. or ) :
sin(a)  cos(«) sin(a) — cos(a)
depending on whether it preservers or reverses orientation. Thus the conformal linear automorphisms
of R? are of the form

()

4. Sketch the subsets of C = R? given below.

@ i) , a,beR,(a,b)#(0,0) .

(a) Xy, ={z€C|R(>z)+1=z}
Solution:  In cartesian coordinates, this is the set {(z,y)|v*=(x+1)? —2?} =
{(x,y) | y* = 2z + 1}, a parabola.



(b) Xp={z€C | 2)* = 3(2)}
Solution:  In cartesian coordinates, this is the set {(z,y)|y*—y+2*2=0} =
{(:c,y) | (y — %)2 — 1+’ = O}, a circle.
() Xe={z€C| [z —i[+ ]z +i] = 43(2)}
5. Stereographic projection is the map
S’ ={(z,y,2) eR*|&* + 9>+ 2 =1} —¢—>R2U{oo} = CU{o0}=:C
which takes (0,0,1) € S? to co and so that for p € S?\ {(0,0, 1)} the points

0,0,1) , p , (o(p),0)

lie on a common line in R®. Thus ¢(z,y,0) = (z,y), for instance. Stereographic projection is
bijective, you can compute explicit formulas for ¢ and ¢~ 1.

Let inv: C — C be the involution of C mapping
1 .
z4»— if z2#0,00 and 0+ 00.
z
Find the conjugate ¢! oinv o ¢, i.e. for z,y,z € S%, what is
¢~ (inv(e(x,y, 2))) ?
Solution:

x )
t — _—
¢(x’y7 ) (1—t’1—t> )
o(z,t) = Z ifwe identify CxR=R?®, ((x +1y),t) = (z,y,1),

1—1
. . U —
1HV(U+ZU):m

o 2u 2v u? 02 -1
¢ (U7U): ) )

w224+ 1w+ w4+ 02+ 1
¢ (z) = N(22,[2)* — 1),

where we denote by N the map R*\ {0} — S, N(v) = % For (z,y,t) = (2,t) € R® = C x R, we



get

—1 2

s |2 (L —t) — |2|
=N Z, ? =N (Z, 9 3
Ex g

O BT )
T2 2(1 —t)

(o=t 1-# 2 e
—N(z, 5 _2(1—t)) because 1= |z|" +1t
(1=t 14t

_N(% 2 2)

= N(z,—t) = (z,—t)

:<$,—y7—t).

Thus inversion corresponds to reflection at the real line,

1 0 O
¢ploinvogp=|0 —1 0 | €SO(3)
0 0 -1

on the sphere.

6. Find a formula for > 7 ng", for |¢| < 1.

Solution: For |z| < 1, if we set

then

Alternatively:

o o [o.¢] o (o] 1
SweLge-Erhe-tty

k=1 n—=k 1—q1—q

7. Find a function v: C — R so that the function f: C — C given by

1
flz +iy) = zy* — §x3+x2 —* 4 iv(z + iy)



for z,y € R is complex differentiable.

Solution: By the Cauchy-Riemann equations we must have
y2—x2+2x:vy and 2zy — 2y = —v, ,
which is satisfied by

1
v(x 4 1y) = §y3 — 2y + 2zy .

. What is the radius of convergence of

>y’
—n+ 1
Solution: The kth coefficient of this series is ? if £ = n! for some n € Ny and 0 otherwise. The
formula for the radius of convergence p gives
1
p= =1,
lim sup;,_, ¥ ﬁ

because

“VE+1 T VE+1

. What is the radius of convergence of the series

i 2’ i
n=0

n=0

| N

n2

(]

Prove your result!

Hint: Trying some values for z may be easier than using Hadamard’s formula for the radius of
convergence.

Solution: The series Z o on converges for no z # 0. To see this, assume 2* < z € RT for some
n=0

k € Z. Then

DAL L NN
It follows that the radius of convergence of this series is 0.

n3

The series Z — converges for z = 1. If z € R, 2 > 1 then there is € > 0 so that

1<2°< 2.
Hence
an en3—n2 mn—o0

and the series does not converge. It follows that the radius of convergence of this series is 1.



10.

11.

12.

13.

Find sin™'(2), i.e. the set
sin™!(2) = {z € C| sin(z) =2} .

Solution: If z is in this set, then 4i = 2isin(z) = € — "%, hence
(eiz)z —4ie* —1=0
e =2+ v/—4+1= (24 V3)i
Prove that three complex numbers a;, as, ag are the vertices of a equilateral triangle if and only if

2 2 2
aj + a3 + a3z = ar1as + asaz + azay .

Solution: For the polynomial

p(z) = (z —a1)(z — a2)(z — as)
with roots the given a;, the equation means that with A = a; + as + as, p(z) is of the form
2

A
p(z):zS—AzQ—l—?quB

A\? A3
=(z—-= B+ —
(z 3) + +27

Let f: C — C be the function with f(z) = zZ+z+2% and let : [0, 1] be the curve with y(t) = 3 +it%.
Compute [ f(z) dz.

Hint: You can compute this directly or use that the function “almost” has an antiderivative.
Solution: Since the function g(z) = z42* = G/(2), G(z) = 2 + % is holomorphic, we can compute

2
its integral from the endpoints,

/g(z) 4z = G(v(1) = G(0)) = G(1 +4) — Gy = LHD L A2

4 2

It remains to compute

/z dz = /Olmf/(t) dt = /Ol(t?’ — it*)(3t* + 2it) dt

N | =
o] .

1
1
:/ 3t 4+ 23 — ittt dt = = +
0 2
Thus 4
/z+z+z3 dz:gi

Y

Let v: [—1,2] — C be the curve with
Y(t) = 2t + isin(nt) .

Compute

f(z):/wﬁdz.



14.

15.

16.

Solution: The function f is the derivative of

Hence
[ #6) ds = FO@) - FO(-1) = Fl) = F(-2) = 5 - & = =22

Let f be complex differentiable at p € C. Show that the function g with

is complex differentiable at p.

Hint: a + ib = a — ib, the complex conjugate

Solution:
i 9P +0) —9() _ 9 +h) —9(p) . flet+h) —flp) _ . fp+h)— fp)
h—0 h - h—0 E - h—0 E - h—0 h '

Let R > 0 and let f be complex differentiable on Bg with f(0) = 0, f’(0) # 0 and f(z) # 0 for all
z € Bg \ {0}. Prove that

dz 2me
——=—— forall r, 0<r<R. (5.3)
|z|=r (’Z) fl(o)
Hint: By “flzlzr .7 we mean “¢ ...” where w: [0,1] = C is the curve w(t) = re*™.

Apply the Cauchy Integral Theorem to the annulus {z | r; < |z| < ra} to show that the integral in
(5.3) does not depend on .
Solution: Since f’(0) # 0 there is € > 0 so that

fH0)NB. = {0} .

Hence i) is holomoprhic on B, \ B, if 0 < r < ¢, and therefore

dz dz

|z|=r f(Z) |z|=€ (Z)

forall 7, 0 < r <e. Now
f(z) = f'(0)z+ R(z2) for ze€ B,
and lim,_,o R(z)z = 0, hence

f(z)  f1(0)=

1 1
z
Extension of In to C\ R™. We define

In: C\R™ ={a+ib|a,beR,b#0ifa <0} - C

by
In(2) :/ —dz (5.4)



17.

where 7,: [0,1] — C\ R is any C" curve with 7,(0) = 1 and 7,(1) = z. Show that the integral in
(5.4) is the same for all such curves.

Solution: The map
R? = R? | (z,y) — (2% —9? 2wy)

is C'! and its restriction to the right half plane

¢: R xR = {(z,y) eR* |y #0o0rz>0}
is a diffeomorphism.
This is the map {z € C | R(z) > 0} =22 C\ R~. The inverse of ¢ is

ot {(m,y)€R2|y7éO 0rx>0}—>R+><R

2 2
(a,b) [a + a +b
2 / a2+b2

Let v, p: [0,1] = C\ R~ be C'-curves with (0) = p(0) =1 and ~v u(l) = z.
Then

H(t,5) = ¢ (s~ (v(t)) + (1 = 5)¢~ " (u(1))) € C\R™
for all (¢,s) € [0,1] x [0,1] and

H0,s)=1 , H(l,s)=z , H(t,0) =ut) , H(t1) =~(().

Thus p and v are homotopic relative endpoint in C \ R™. Since % is holomorphic in C \ R™, the
complex line integrals over v and p coincide.

e —e’ %
—dz.
7{45 2"

Hint: Recall that ﬁ2|:5 ... denotes the integral fu ... where p is the oriented boundary curve of Bs,
p:[0,1] = C, u(t) = e

Solution: The power series for the numerator of the integrand,

For n € Z, compute

2k+1

e —e 7 = 2sinh(z 22
k:o 2/{3—1—1

hence the integrand is

> 2k+l n 2k+l n 2k+1 n

22 2k 1 1) k;_( 2 Z k+ 1)

0
2

entlre

The closed line integral over the entire part vanishes by the Cauchy integral theorem and so we are
left with

Z2k+1-n 1 0 if n odd
2k+1—n o
# Z Qk 22 (Qk_i_l)!zzz dz-{ 4’”,1fneven
|2|=5 il |2|=5

n 1 (

2



because for all ¢ € Z, r > 0, we have

2mi if g = —1
a0, —
%T’Z dz—{ 0 if else

18. (a) Find the power series expansion of f(z) = - 1.
Hint: Start with ZZ2 3
€ =1tzt g gt
This will also “define” f(0).
Solution: . ) . . .
621:1+§+%+---+2k! +---:Z(kil)! (5.5)

k=0

(b) Compute the first four terms ag, a1, as, as of the power series for

1 z =
9lz) = fz) e -1 :kzgakzk’

u 1
k=0

Show that for n > 0,

Solution: We must have g(z)e =1 for all z. By (5.5)) this leads to

, 0=—-ap+a; , ... ,
5 %0 1

ag 1 = n+1
2okt (mri &=\ &

19. Exploit the differential equation “tan’ = 1 + tan®” to derive a recursive formula for the coefficients
of the power series for tan around 0.

Solution: If Z apz” = tan(z) is the Taylor series of tan around 0, then

k=0
tan’(z) = Z(n + Dap12™ .
n=0
tan(z)? = Z (Z ajanj) 2"
n=0 \;j=0

“Comparing coefficients”, i.e. by uniqueness of the Taylor coefficients, this gives

(n+ 1)aps = Z jlp—j -
=0



20. Let (an),cy € CNo be so that for all z € B1 /237 we have that

21.

. 1
a2t = ——————— .
kz:; cos((1+1)z)

Compute limsup {/|a,|.

n—oo

Hint: This is an attempted obfuscation. Do not compute the Taylor series of the right hand side!
Solution: The zeros of the denominator of the right hand side form the set
2k + 1
2(1+41)

The points closest to 0 in H are £q := iﬁ and their distance from 0 is

2(1+1)

o
=37
By the corollary of the Cauchy integral theorem for the Taylor series of a holomorphic function, the

series on the left hand side must be the Taylor series of the function f on the right hand side and
its radius of convergence is at least r.

:‘

On the other hand, the radius of convergence can not be bigger than r because then f would extend
holomorphically to ¢q. But

li = li
zlgtlzf(z) z—grr}Q cos(z)

= 0 .

Let p € U°C C so that
VueU, te0,1]:tu+(1—-t)pelU.

Let f € O(U) and 7: [0,1] — U be a closed C'-curve. Show that ¢ f(z) dz = 0.

Hint: ~ is the main part of a rectangular domain. As in the case of the annulus, the contribution
of the auxilliary curve cancels.

Solution: Let ¢ = v(0) = v(1). The map
¢:Q—=U , ot s)=sy(t) +(1—s)p
is C'! and if o denotes the boundary curve of ), then ¢oa is a reparametrization of the concatenation
Brny s

where (3 is the curve
B:0,1]=U , B(t)=tg+(1—1t)p

lies in U. By the Cauchy Integral Theorem for rectangular domains,

0= JC) dz_/Bf(z) dz—/vf(z) dz—/ﬁf(z) i

22. Let f be an entire function and assume that for all z € C we have

/()] < In(1+]z]) .



23.

24.

Show that f(z) =0 for all z € C.
Hint: Look at the proof of Liouville’s Theorem.

Solution: Since f is entire, we have
o0
f(z) = Z 2"
n=0

for all z € C and some sequence (¢,), .y € CY°. By the estimate of the Taylor coefficients ¢,, we
have

max {[f(2)|| [z =7} _ (1 +7) 00
rn - /,nTL

len| < > 0
if n > 0. It follows that f(z) = ¢p. Since In(1) = 0 we must have ¢y = 0 as well.
Let v: [—m, 7] — C be the curve with

e~ Vil

v(t) = cos(t) + i (sin(t) + sin(43t)> :

[ e

Hint: Sketch the curve. It is homotopic relative endpoint to a simpler one. Then use ([5.3)).

Compute

Solution: The integrand

fz) = —

 sin(z)
is holomorphic on C\7Z. The curve v is homotopic to the unit circle in this domain via the homotopy

e~ Vil

H(t,s) =e" + si sin(43t) , (t,s) € [-m, 7] x[0,1] .

The function H is C' and
H(t,0) = et | H(t,1)=~(t) , H(-m,s)=H(ms)=-1,

H is a homotopy rel endpoint. To show that H is a homotopy in the domain where f is holomoprhic,
we estimate

1 1
1-—<|H <l4 —

for all (¢,s) € [—m, | x [0, 1] and therefore H(t, s) ¢ wZ for all such (¢, s). It thus remains to compute

1 2mi
7{ I PR L VY
2=1 Sin(z) sin’(0)

by (5.3).
Let U,V C C be open and let f: U — V and ¢g: V — C be holomorphic. Let p € U. Show that

ord (g o f;p) = ord (g; f(p)) ord (f:p)

Hint: Look at ((11.12) or the local form theorem [11.13]



25.

26.

27.

Solution: By (11.12) there are functions f and § holomorphic near p respectively f(p) with
f(p) # 0 and g(f(p)) # 0) so that

f(2) = f(p) + (z = p)™ U f(2)
9(y) = g(f(p)) + (y — f(p)) 4@/ ) g (y)

for z, y in sufficiently small neighbourhoods of p and f(p) respectively. Thus

o(F(2)) = 9 ) + (= - p>°fd<f%p>f<z>)‘”d(”(”” 7 () + (=~ D™D f(2))

= g(f(p)) + (= = p)r W W) Fyad 0D G ((f(p) 4 (= — )™ f(2))
Q)

Clearly ~
Q(p) = f(p) @@ g(f(p)) #0.

Let f € O (By) so that for all z € B; we have

Prove that f is constant.
Hint: Open Mapping Theorem

Solution: The assumption on f says that
fBy) Cc{z+iy|zye Ry’ =a} =P

But the set P is a parabola in R? = C and does not contain any nonempty open sets. Hence f(B;)
does not contain any nonempty open sets and therefore f can not be open. By the Open Mapping
Theorem, f must be constant.

Classify the isolated singularities p € S; of the following functions f; € O (C\ 5;), S; C C discrete,
as removable, pole, essential. In the case of poles determine the order.

ef—1—=z
(a’) fa(z>:m7 Sa:{oa]-az}
22 —1
(b) fo(z) = Sn(r2 )2 Sy = Z
241
(C) fC(Z) = 1+;+—Z2+Z3’ SC:{laiy_la_i}

Assume that for all z € B L (2) we have

z

ZC smz)+ e
ne = +1 1+5i—z"

n=-—o00
Compute limsup /|c,| and limsup v/|c_,|.
n—oo n—o0

Solution: The function .

f(z) =

sin(z) e
2241 1+5i—2



has poles of order 1 at i/2,—i/2,1 + 5i and no other singularities. Therefore the Laurent series
around 0 converging at 2 converges on the largest annulus A,z C C\ {i/2,—i/2,1+ 5i}. Hence

r = % and R = /26. The inner radius is the inverse of the radius of convergence of the principal
part, hence
. n 1
limsup v/|c_,| = = .
n—00 2

The outer radius is the radius of convergence of the power series Y, ¢,2", hence
limsup v/ |c,| =

1
=300 V26

Some problems for the study week

1. Determine the type of the singularity 0 of

z(e* —1)?
(cos(z) — 1)2sin(z)* tan(z)

f(z) =

Solution: In the sequel h; will denote functions holomorphic in a neighbourhood of 0 with £;(0) # 0.
Inserting Taylor series, we can rewrite f(z) as

o Lk 2 0o (_1)kz2k
Z(%%m) (g% @@!)
0o (_1)k22k 2 () (_1)k22k+1 5

(; (2k)! > (% (2k+1)!)
2(zh1(2))%ha(2) 21720 By (2)2hy(2)

" Eh ) Chs )] P (e o)

hence 0 is a pole of order 6 of this function.

f(z) =

2. Determine the type of the singularity 0 of

61/z
/(z) = cosh(1/z)
Solution: Recall that cosh(z) = <=, hence
2t/ 2e2/%
f(Z): 1/z "1z .2/ ’
el/z 4 e=1/ e2/z — 1

The limit of this as z — 0 does not exist,

lim f(z)=2 # lim f(z)=0,

2—0,2€Rt+ z—0,z€R~

hence the singularity is essential.



3. Compute the complex line integral

h 10,1 _ 9 tt +isin(mt)
/7(2—1)(2—1-3) dz where ~:[0,1] = C, y(t) =2e

Solution: The integrand

fe) = 1 IRV 1
DT D)3 4\z-1 z+3
is holomorphic for z € C\ {1, —3}. Let H: [0,1] x [0,1] — C\ {1, -3},
H(s, 1) = 9eit +issin(mt)
This maps to C \ {1, =3}, because |H(s,t)| = 2 for all s,t. Then H(1,t) = ~(t) and H(0,t) =

2¢ = u(t), p the boundary curve of By. The second summand, ;—3 is holomorphic on Bs, hence
contributes 0 to the closed line integral, by the Cauchy Integral Theorem. Thus

/—1 clz—%1 L — L alz—]{1 L — L dz
L =D(=+3) " L 4\z—-1 243 S Sua\z-1 z+3

11 11 omi i
£4z—1 : 7i|24z—1 T T

4. Let f € O(C) be so that f(1/z) has a removable singularity at z = 0. Show that f is constant.

Solution: Since 0 is a removable singularity of f(1/z), the limit lim, o f(1/2) exists. Thus there
are L € C and 6 > 0 so that for all z with |z| < § we have |f(1/z) — L| < 1, in particular,

[F(A/2)] <[LI+1.

Since |z| < § if and only if |1/z| > 1/§ we thus have

1
lf(2)| <|L|+1 forall z, \z‘>g_

Since B /s is compact and f entire, in particular continuous, the function f must be bounded. By
Liouville’s Theorem, f is constant.
5. Let f,g € O(C) so that f(g(z)) =0 for all z € C. Show that f or g is constant.
Solution: If f and g are both not constant, then both are open maps. Hence so is their composition.
6. Let f,g be entire functions so that f(g(z)) = p(z) € C|z] and assume that degp > 0. Show that
f(2),9(z) € Clz]. What follows for the degrees of these polynomials?

Solution: Neither of the functions is constant since p is not constant. By Liouville’s Theorem
neither of the two functions can be bounded. Since p has no essential singularity at co neither f nor
g have an essential singularity and thus must be polynomial and we have degp = deg f x deg g.

7. Show that the function

eV 2 £ 0
/) '_{ 0  ifz=0

satisfies the Cauchy-Riemann equations ((9.7)) on all of C but is not complex differentiable at z = 0.



10.

Solution: We have

L 2 = £(0)

=0 for z=1,i,—1.—1
t—0,t>0

hence the partial derivatives in (9.7)) are all 0. But f is not even continuous in 0. For instance,

. . _ . +1/4t4 _
bt U2 = fp e =

For n € N, compute j{ ( : ) dz.
|z—1|]=1 \? — 1

Solution: Substituting z by z + 1 gives

" 1\" 1 1
j{ ( © ) dz:j{ (Z+ ) dz:j{ 1—|—E+<n)—2+---+—ndz:27m
l-1)=1 \Z — 1 =1 \ % =1 % 2)z z

becausej{ 2F dz:{ 0 ifkz#—1 )
|z|=1

2mi if k= —1

Determine all functions f € O (C\ {0}) for which 0 is not an essential singularity and which satisfy

f(nil):”zlf(%) forall neN. (5.6)

Solution: If f is such a function, then for some k, 0 is a removable singularity of 2*f(2). By the

recursion formula (5.6)), for n € N,
1
“) =nf(1
F(5) =i

zkf(z) |z:n — nl—k:

which is bounded only for & = 1. Thus the singularity at 0 must be a pole of order 1 and zf(z) is
(extends to) an entire function with

hence

2f(2) = f(1) forall zc % U{0} .

The set U{0} contains an accumulation point and the two entire functions z f(z) and f(1) coincide
on this set. By the identity theorem [11.10| the two functions must be equal. Thus zf(z) = f(1) for
all z € C. It follows that the set of functions the problem asks for is

A
{A|A€C} where fy(z)= o
Find all Laurent series centered at 2 of the function
1
&=
Solution: The partial fraction decomposition
1 1 1/7 1/7

f(z) = = - (5.7)

22+z—12:(z—3)(z+4) z—3 z+4



shows that f has poles of order 1 at z = 3 and z = —4. The distances of these singularities from the
center of the Laurent series we seek are 1 and 6. To get the Laurent series centered at 2 we rewrite
(5.7) in terms of z — 2 and use the geometric series

k .
if |[¢g| <1
R ];q [
1—-q q1-—1" o
Tt =Y g tif gl > 1
k=1
This gives
1/7 1/7
[0 L S—
(z=2)—-1 (2-2)+6
17 1/42

T 1-(-2) 1-(-(z-2)/6)

(g(;)(Z—Q)k—g%%(%)k(z—Z)kif|z—2|<1
= g(;)@—m_k—gé(%)k@—mkif1<|z—2|<6
\ g} (%) (z—2)7" +g$(—6)k(z —2)7" if ]z —2[>6
,ki;o(_?l—%(%)k)(z—?)k if |2 -2 <1
= g(;)@—%_k—g%(%)k(z—Q)kif1<|z—2|<6
i (% + 4—12(—6>’“) (z=2)7" if 22| > 6
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6 Complex Numbers

We are looking for a field C “containing” the field R of real numbers (i.e. with an injective homomorhism
of fields R < C), so that the equation “22+41 = 0” has a solution. There are (at least) three constructions
of such a field C of complex numbers:

1. Gauss Plane: C; = R? = {x,y | z,y € R} with componentwise addition, (z,y)+ (¢/,¢') = (z+2',y+
y') and multiplication given by
(z,y) - («,y) = (w2’ —yy', zy — +2'y) .

2. Field extension: Cy := R[i]/ (i* + 1), i.e. the quotient of the ring of real polynomials in the variable
i by the ideal generated by the polynomial i? + 1. Since this is irreducible, the quotient is a field.

. : . o —b
3. 2 x 2 matrices, orientation and angle preserving linear maps of R?: C3 = {(Z a ) a,be R}.

All three C;, Cy, C3 are fields and there are natural injective field homomorhisms ¢;: R < C; given by

R>z+ (2,00 €R* | R >z € RJi] the constant polynomial , R >z~ (g 2)

respectively. The maps

. xr -y
(r,y) &>z +iy < (y x)

are isomorphisms between the C; compatible with the embeddings ¢;.



Examples

(24 30)3 =84+4-(3d) +2-(3)* + (34)°
=8+ 12i + 12i* + 274*
=8412 —12—27i

= —4—15i
L a—bi
a+bi  (a+bi)(a— bi)
a — bi

= denominator real!
a2 — b2

Compare this with matrix inversion:

() - picE

b

6.1 Real Part, Imaginary Part, Complex Conjugate, Polar Coordinates,
Modulus, Argument

The cartesian coordinates of a complex number

2= (a,b)=a+ib= (‘Z _b>

a
are called real part and imaginary part of z. If a,b € R we write
Ra+ib)=a , S(a+1ib)=0.

The modulus of a complex number is its eulidean norm and the square root of its determinant,

la +ib| = Va? +b? = | det <Z _ab> :

The complex conjugate Z of a complex number z is the its mirror image under reflection at the real
axis, or its transpose, when viewed as a matrix,

a+1b=a—1b.
From this it is immediate that for complex numbers u, v we have
uv| = |ul[v]

lu| = Vuu



w ful
R(u) = 32,
) =2
R(uv) = (u|7) .

S(uv) = R(—iuv) = (u|iv) ,

where (- | -) denotes the standard scalar product on R2.

We will use the following fact about the trigonometric functions cos and sin:

Theorem 6.1 The functions cos,sin: R — R are 2w-periodic. For every pair
(a,b) € S :={2€C]| |z| =1} = {(a,b) e R* | ® + 1> =1}

there ist € R so that
cos(t) =a and sin(t)=»b
and t is determined by a,b up to an integer multiple of 2. Thus the map

R/2r7 t +— cos(t) + isin(t) gl

15 bijective.

We write e := cos(t) + i¢sin(¢t) (in [5] this is called cis(¢)). Thus every complex number z can be written

as
z=re" with r=|z/€Rf and teR.

A real number ¢ so that z = re® is called an argument for z, denoted by arg(z) € R/27Z.

The exponential notation is justified by the functional equation: The addition theomrems for cos and sin

turn the map
1 i [cos(t) —sin(?)
R—=5, tmet= <sin(t) cos(t)

into a group homomorphism,

ez(t+s) — eztezs )

7 Series

If A= (a")neNo c CMNo or RM is a sequence of real or complex numbers, then the sequence S of its partial

sums is the sequence
k
S = g an, i.e. the sequence
keNy

n=0



(ag, ap+ a1, ap+ a1+ as, ap+ar +as+as, ag+a; +as +as+ay, . ..)

o
If S converges we say “the series E a, converges”, and write
n=0
9] k
E a, = lim g an
k—o00
n=0 n=
o0
If this limit does not exist, then we say “the series E a, diverges”.
n=0
oo o0
A power series E a, converges absolutely if the power seris of the moduli E |a,,| converges.
n=0 n=0

Examples

o

The geometric series Z q" converges for |g| < 1 and diverges if |¢g| > 1. To see this, first note that the
n=1

series diverges if |¢| > 0 because then the sequence does not converge to 0.

For ¢ # 1 we have the formula

iqkzl_qk+1

n=0 1- q
In case |¢| < 1 we get
zk: n 1 - qk+1 k—oo 1
q" = >
= L—gq lL—gq
Hence
Z q" = lim = lim =
— k—o00 — k—oo 1 — q 1-— q

The Euler number is

The alternating harmonic series converges but not absolutely, see below.



7.1 Convergence Criteria:

o0

be a sequence of real or complex numbers. Then the series Zan converges any of the

n=0

Let (a,)

n€eNg

following criteria holds:

[e.9]

1. Comparison Test: There is a convergent series Z b,, with

n=0

la,| < b, €R forall neN.

Example: Since |cos(n?)e " +"°| < 1, we have

COS(n?’)e_”QH"S

2n

§2in forall neN.

By comparison with the geometric series Y7/ --, the series

—n2+in3

i cos(n?)e
on

n=0

converges.

2. Quotient Test: There is ¢ € [0,1) and N € N so that for all n > N we have

Ap+1
G,

Example: If the quotient is small the series converges fast. For example, for any ¢ > 0, we can choose
N € N so that Nq > 1. Then for all n > N,

1

(n+1)! 1
= <q .
= nr1 !
By the Quotient Test, the series
— 1 iy i,
Z — =:e converges, giving one definition of the Kuler number.
n!

n=0

3. Root Test: Thereis ¢ € [0,1) and N € N so that for all n > N we have
Vlan| < g

4. Leibniz Criterion, Alternating Series Test: We have lim a,, = 0 and there is N € N so that

n—oo
foralln > N, a, € R and
SN, 1 = —SgNa, .



The sign of a real number \ is
+1 4 A>0
sgnA=<¢ 0 ifA=0
—1ifA<0

o0

1
Example: Recall that the harmonic series Z — diverges. However, since % 2% 0, the alternating
—_— n

n=1
harmonic series

3

D

n=1

converges.

5. Integral Test: There is a decreasing Riemann integrable function f: RT — R with a,, = f(n) for
all n € N, and for some 2 € R the integral

/ f= lim f exists.

Yy—00

A function f: R — R is decreasing if f(x) > f(y) for all x,y € R with v < y.

Example: Let s € R. Recall that for any positive real number n, the power n® is defined as
s sin(n) )

n =e€

Consider the function f: Rt — R™, f(z) = z*, and its integral for 0 < z < y,

y In(y) —In(z) if s = —1 . 00 if s >—1
s — s+1 . .s+1 y—oe _ s+l
/xnds Y =T g4 T ifs<—1
s+1 s+1

By the Integral Test, the series

Zns converges for real s < —1

o

A necessary condition for the convergence of a series E an is that the sequence (ay), oy converges to 0.

n=1
This rules out convergence of many sequences! Thus none of the series

. n?2+4+4 > \" > nmw
L
converge because
n?+4 1
lim —— == %0
oo 3n + o2 2 70,

1 n
n—o00 n

. . nm .
lim sin (—) does not exist.
n—o0o 17



8 Power Series

A power series is (function in z given by) a series with a parameter, say z, of the form

f(z) = Zanz” :

k=0

This concept generalizes that of polynomial

N
p(z) = Zanz" , N =degreepif ay #0 .
k=0

o0
€ CNo.  The series E anz" converges
n=0

Theorem 8.1 (Convergence of Power Series) Let (an),cy,

1

absolutely if |7z] < —————
y il lim sup /a,

=: p and diverges if |z| > p.

Note that this says nothing about convergence on the circle |z| = p. The number p above is called radius
of convergence of the series.

o0
Proof: If Z a,z" converges, then we must have
n=0
1
lim a,z" =0 = limsupla,z"|=0 = limsup {/]a,2"| <1 = |z| < - =:p
n—oo n—00 n—00 lim SUP,_yoe V/ ‘Cln‘

which must be read as oo if the denominator vanishes. Thus the series diverges if |z| > p.

Conversly if |z| < p, then

limsup v/ |a,2"| = |z|limsup {/]a,| < 1

n— oo n—oo
and there is ¢ € [0,1) and N € N so that
Vn > N :la,z"| < q" .
o
Since 0 < ¢ < 1 the geoemtric series Zqﬂ converges absolutely. The comparison test yields absolute
§=0
o0
convergence of Z anz". °

n=0

If M is a set and X a metric space with distance function d: X x X — Ry, then we have (and will usually
refer to) the almost distance d,, on the set X™ of functions f: M — X given by

doo(f, g) = sup{d(f(m), g(m)) | m € M} € Rj U {oo} .

Convergence with respect to d, is called uniform convergence.



Definition 8.2 A sequence (fn)nGNo € (XM)NO of functions f,: M — X from a set M to a metric space
(X,d) converges uniformly to g € XM if

lim do(fn,9) =0,
n—oo
i.e. more explicitly

Ve > 03N, e NVn e Non > Nom e M d(f,(m),g(m)) <e.

We also recall that this construction gives rise to two basic complete metric spaces:

Theorem 8.3 If (X,d) is complete, then (XM d.) is complete.

If M is a topological space, then the subspace C(M,X) = {f: M — X | fcontinuous} is complete with
respect to ds

In particular, a locally uniformly convergent sequence of continuous functions from a topological space to
R or C has a continuous limit.

We apply this to power series.

Theorem 8.4 A power series E apz" with radius of convergence p converges uniformly on B, =
n=0

{z € C| |z <7l|} for every T < p. In particular, the function f defined by f(z Z a,z" is continuous.

Proof: For |z| < 7 < p, we have limsup,,_, . |a,2"| < limsup,,_, |a,| 7" < ¢" for some ¢ € [0,1). Hence
there is NV € N so that for all n > N we have |a,2"| < ¢". If g denotes the limit and f,, the partial sums

of the series,
o
= Zanz" . fr(z) = Zanz” on B,
n=0

then

< sup Z lan 2"

Z|<Tn k+1

des(g, fx) = sup

lz|<T

k
I S
n=0

n=0

By the formula for the geometric series we can estimate this,

e k+1
D S W )
n=0

|2l<r n=~k n=k+1




9 Complex Differentiability

Definition 9.1 Let U C C be an open subset, p € U and f: U — C a function. Then f is differentiable

at p if the limit ) -
! L . f <) — f p
F(p) = zjéf?eU zZ—0p

(9.2)

exists. If f is complex differentiable at all p € U, then f is called holomorphic on U. f’ the derivatative
of f and f an antiderivative of f.

If U 1is not open, then we will say that a function f is holomorphic on U if it has a holomorphic extension
to some open neighbourhood of U.

We denote the set of all holomorphic functions U — C by O (U).
Note that the quotient in (9.2]) is with respect to complex multiplication.

Theorem 9.3 (Sums, products, quotients, compositions) If f,g € O (U) then the sum f + g, the
product fg and, if g has no zeros on U, also the quotient f /g are complex differentiable and their derivatives
are given by the formulae

(f+9) = f+d
(fg)) = flg+fd

([)' _ fla- 1

g 9?

If V.C Cis open, h€ O(()V) and f(U) C V, then the composition g o f is holomorpic and we have the
Chain Rule

(gof) =g of-f
i.e. for allu e U, (go f)(u) =g (f(u))f (u).

Examples

Obviously, the constant functions are holomorphic, with derivative 0. The function f with f(z) = z has
derivative f’'(z) = 1. More generally, every polynomial p € C[z] with complex coefficients is holomorphic.
If

n

p(z) = Zanz” forall z2e€C

i=0
then

p(z) = Znan,z"’1 forall ze€C.
i=1



Problem 9.4 Show that this follows from Theorem [9.53, you do not need to go back to the definition.

Complex conjugation, i.e. the function ¢ with ¢(z) = Z is nowhere complex differentiable because for all

p € C the limit

L Z-p . Z
lim = lim —
z=p 2 — P z—0 2

does not exist, for instance because

depends on wv.

9.1 Comparison with Real Differentiation, Cauchy-Riemann Equations

The derivative of a function f: R™ — R¥ at p € R™ is the linear map
d,f: R™ = RF sothat f(p+h)=f(p)+dpf-h+ R,(h)
holds for all h € R™ with some function R,: R™ — R* such that
Ry(h)

AT

Recall that the matrix coefficients of the differential d,f are the partial derivatives 9fi ' 1f the partial

Ox;

derivatives exist in a neihgbourhood of p and are continuous at p, then f is differentiable at p. The

existence of the partial derivatives at p only does not suffice.

Let U C C be an open set, p € U and f: U — C a function. Under the identification C as R?,
Coz=ux+iy < R2,92) = (z,y) € R?
we can write f as a pair of real valued functions u,v: R? — R, defined by
flz+1y) = u(z + iy) + wv(z + iy) = (u(z,y),v(z,y)) for z,yeR.
The derivative of f at a point p is now (given by) the matrix of partial derivatives

@J::(%xw);%MM):i(wnz@)‘

avm(p) %y(p) Vg Uy

(9.5)

The function is complex differentiable at p if the matrix in (9.5) represents a complex number, i.e. is of

the form (a

b _ab). Thus we have proved:

Theorem 9.6 (Cauchy-Riemann Equations) Let U C C be open and u,v: U — R and let f: U — C

be given by
flx+iy) =u(x +iy) +iv(x +iy) forall z+iyeU .

Then f is complex differentiable on U if and only if the component functions u,v of f are continuously

partially differentiable on U and satisfy the partial differential equations

Uy =Vy and Uy = —Uy .

(9.7)



The pointwise version of this is false, see problem [7]

9.2 Harmonic Functions

If the second partial derivatives are continuous, we can eliminate one of the component functions of f by
inserting one of the equations in ({9.7) in the other and interchanging the order of differentiation,

Ugge = Vyx = VUgy = —UylY 5, Ugge = —Uyg = —Ugy = —Vyy

hence
Au=Av =0,

where A: C?R?) — C(R?) is the Laplace operator on R?
Au = trace d®u = uy, + Uyy -

Functions in the kernel of A are called harmonic.

9.3 The Derivative of Power Series

Differentiation of power series is formal,

o

Theorem 9.8 Let f(z) = Z a,z" be a power series with radius of convergence p, i.e. convergent on B,.

n=0
Then the derivative of f exists on B, and is given there by

(e 9]

F1(2) = (n+ Dang2" . (9.9)

n=0

The power series for f' has the same radius of convergence p.

Proof: The power series has the same radius of convergence because lim,, ., /n = 1, hence

limsup {/|na,| = lim Ynlimsup {/|a,| = limsup {/|a,|
n—oo

n—o0 n—o0 n—oo

For p € B, and h € C so that |p| + |h| € B, we will show that

Z (ln<p + h)n - anpn

o0
. -0 _
lim ~ —E na,p” ' =0 .
h—0 h

n=1




To this end we estimate

o0 o0

> anp+h)" —ap Y anp+h)" —ap
L ) nagp" == ) nap™!
h n=1 h n=1
Z an(p+h)" — anp™ — na,p" 'h an(p+h)" — app™ — na,p™ 'h
_ n=1 _ n=1
h h
00 00 n n
Zan p+h)" —a,p" —nap" "h Zan ( )Pn Th?
n=2 _ n=2 j=2
h h
00 n n . » 00 n n . » 00 n+2 n+ 9 e »
S (A EREID o ol (T EEED i S w
n=2 Jj=2 n=2 j=2 J n=0 j=2
> " /n+2 _ h—0
=1y a, "ipi = hP(h 0
N
n 7=0
N g 7
P(h)

In order to show this convergence we now estimate the binomial coefficient

n+ 2 n! n! n
<j+2):<””>(”“)<y+2>< —y S A DS = m*”“*”(y)

and thus
n n+ 2 n—j j & n n—j ) n
S1<Y (j +2) P B < S 0t 2+ 1) (j) " Bl = (n+ 2)(n + 1)([pl + JA)
=0 =0

For P above this gives

n+2\ ,_. =
= 23 (57 5) 0| < X vl tr 2+ 101+ 1 = ol 18]
7=0 n=0
where .
9(2) = (n+2)(n+1)ay] 2"
n=0
This power series also has radius of convergence p. By Theorem [8.4] g is continuous on B, hence P is
bounded and the limit above vanishes. °
Examples
1. Exponential Function
z . . z"
exp(z) = e* := o



2. Trigonomoetric Functions

0 2n+1 0 (_1 nz2n
sin(z ; 2n 1 and cos(z) = ; T
proves immediately that '
e’* = cos(z) +isin(z) forall zeC.
exp’ = exp
cos’ = —sin , sin’ = cos
3. Hyperbolic Functions
o »2n+1 0 o2n
sinh(z HZ:O T 1] and  cosh(z nZ:O
proves immediately that
e = cosh(z) +sin(z) forall zeC.
cosh’ =sinh , sinh’ = cosh
4. Logarithm: On R* this is defined by In’(z) = 1 and In(1) = 0. Since
=> h"for [n| <1
n=0
we have
1 [e.e] oo
—=) (1=2)"=) (-)"(z—1)"for |z <1
z
n=0 n=0

Integration gives

In(z) =) (_1)n(z — 1)t (9.10)

For positive real z,a we get

)t <1 () = 35 (1) = 30 e

n=0 n:O

which converges for all z, |z| < a. Since any z € C with (z) > 0 lies in B,(a) for a € R sufficiently
large, this formula defines an extension of In from R* to the right half plane {z € C| Rz > 0}.

5. For a € C we can define

PR —— In(z)

where In is defined, for instance on the right half plane. Thus, for |z| < 1,

oo () £ (552

n=0




10 The Cauchy Integral Theorem

Definition 10.1 A curve or path (in C) is a continuous map v: [a,b] — C from an interval [a,b] C R
to C, a,b € RU{+o0}, a <b.

A loop or closed path/curve is a curve v: [a,b] = C, a,b € R, with v(a) = ~(b).

The loop 7 is called a simple closed curve if 7 is injective execept at the endpoints, i.e. if y(t) = y(t')
only fort =t or {t,t'} = {a,b}.

A curve v: [a,b] — C, a,b € R, is piecewise continuously differentiable if there are t; € [a,!],
1=1,...,n,
a=tg <t <ty < - <th_1<t,=0b so that

1. the restrictions |, _,+, are continuously differentiable, and

2. v 18 continuous.

If v(Ja,b]) c U € C and f € C(U,C), then the complex line integral of f over ~ is the Riemann
integral

b
/ﬂmu:/fmmﬂwﬁ.

By the transformation formula the complex line integral is invariant under orientation preserving
reparametrisation of the curve. Thus, if ¢: [u,v] — [a, ] is a diffecomorphism, then

ﬂwwz/UMMWMwW@wz/wawww@W@w
Yo u u

o(v)

_ fwwwwﬁzi/fwwwwmzi/ﬂ@w

é(u)
depending on whether ¢ preserves the orientation, i.e. ¢ > 0 and ¢(u) = a,p(v) = b, or else ¢ reverses
the orientation, ¢ < 0 and ¢(u) = b, ¢(v) = a.

The complex line integral is additive. Thus if a: [a,b] — C, 8: [¢,d] — C are piecewise C! curves so that
a(b) = f(c), then the concatenation of the two curves is the curve

if
ax*f:[a,b+d—c — C with a*ﬁ(t)Z{ gg?_m—b) ;fié{z,’ghd—d



Concatenation of Curves

If f: C — C continuous, then
/a*ﬂf(z) dz = /af(z) dz—l—/ﬁf(z) dz .

We will often need the boundary curve of a rectangle, here the unit square:

4t fo<t<q
1+i(4t—-1)ifl <t <!
00,1 5C , a@y={ T DIEsiss (10.2)
i(4—4t) if3<t<1
i
Q Tl

Standard Square

We will first prove the



Theorem 10.3 (Cauchy Integral Theorem for Rectangles) Let a be the curve given in (10.2)) and
let U C C be an open set containing the square Q = [0, 1] 4 i[0, 1] surrounded by o. Then for all f € O (U)

filf(z) dz=0.

Proof: For z € C and r € R{ let a,,(t) = 2 + ra(t). Subdividing the square @ in four subsquares

1 1 11 141
2@ o gta?

with anti clockwise boundary curves ag 1/2, @1/2,1/2, Q(144)/2,1/2 and @21/

1 1
5@ ) + 5@ (10.4)

Qly Oy

g
Q

Interior arcs cancel

we see that the inner arcs of the a, cancel. Thus

if(Z) dz = 7{6071/2 f(z) dz + 7{{1/2,1/2 f(z) dz+ ]i/zw f(z) dz+ 7{((1“)/2,1/2 f(z) dz .

Among the four subsquares in ((10.4) let Q" be the one with maximal absolute value of the boundary
integral.

Iterating this subdivision/choice gives a sequence (@), cy of subsquares of @ starting with @y = @ and
so that
Q.=Q, , forall neN

is a subsquare with maximal boundary integral.

We then have
<4

f(z) dz

oQn

?anl f(2) dz

hence

< 4" forall neN.

= (2) dz f(z) d=

0Qn

i f(z) dz

f
9Q



For each n € N let z, be the lower left corner of @,. Then the sequence (z,), .y is a Cauchy sequence
because

S

1
|2n — Zn-1| < B diam @Q,—; = diam Q,, = o

Let p = lim z, be the limit.

n—oo

Then p € @, for all n and
Ve € @y : |z —p| < diam @, .

Since f is complex differentiable, we have

fp+h)=fp)+ f(p)h+ R(h)
R(h)

with a function R so that lim —= = 0.
h—0 h

For any € > 0 there is therefore §. > 0 so that for all h with |h| < 0. we have |R(h)| < |h|e.

We now choose n so large that
diam Q,, < 9, .
Then

<4"

if(z) dz

(2) dz

f(z) dz
oQn

< 4" x length 0Q),, x € x diam @),

f
9Q

R(z) dz
0Qn
— A" X 4 X2 X ex V2 X 2T =42 .

(10.5)

* * *

a* * *

* * *

D5,
DDDS
DDDS

SRR
A

S

3

|

[\)

a* * * *

Subdivision



We will now prove the version we will mainly use for now.

Theorem 10.6 (Cauchy Integral Theorem for Rectangular Domains) Let U C C be open and let
¢: Q — U be a C'-map. Let o be the boundary curve of Q as given in (10.2)). Then for all f € O (U)

f(z) dz=0".
¢oa

Proof: As in the previous proof we subdivide the square () to obtain a sequence of subsquares (), with
boundary curves «,, so that

‘ f)de| <47 | f(2) dz
doa poam

and so that the lower left corners z, of the squares @),, converge to some p, p € @Q,, for all n. As before,

f(@(p+ 1)) = f(o(p) + dp(f 0 9)h + R(h) = f(6(p)) + dg(p) fdph + R(R)

and for any € > 0 we have . > 0 so that
|R(h)| <elh| if |h| <.

The assumption that ¢ is continuously differentiable means that the map

d¢: Q — Hom(R* R?) | 2z d.¢
is continuous, with respect to any norm on Hom(R? R?) because this is a finite dimensional real vector
space and all norms on finite dimensional vector spaces are equivalent, i.e. induce the same topology. We

choose the operator norm on Hom(R? R?). Recall that the operator norm of a linear map 7: V' — W of
normed vector spaces is

7o)

71, =sw { L | v e v )

— sup {[To] | v e V. o] = 1)
—inf{AER|VueV:||Tv] < Ajv]l} € RE U {oo}

where inf () = co. Since continuous maps map compact sets to compact sets, the function @ — R,
z +— ||d.¢||,,, has a maximum M. Hence

op’
Ve Q:|d.oll,, <M ie VzeQ,he R? = C: |d.¢h| < M |h| .
We now can modify the estimate (|10.5)).

f(z) dz

poa

<4"

f(z) dz

poan,
j{ R(z) dz
poan
< 4" x length (¢ o o) X max |R(cun(t) — p)| (10.7)
< 4" x M x length () x max |R(cu,(t) — p)|

= 4n

<A X M x4x2"xex V2x2™"
= 4v2Me



which holds for all € > 0, hence the integral vanishes. .

There is already an abundance of rectangular domains:

1. Triangles For the convex hull
conv {a, b, c} = {aa—kﬁb—i—*ycla,ﬁ,fy ERf,a+p+7y= 1}
of {a,b,c} C C we can use the parametriztion

o: Q — Ala,b,c) , ¢(s,t)=sa+th+ (1 —s—t)c.

2. Homotopy of curves relative endpoint This describes a deformation I' from one curve
Y: [0,1] — C to another v;: [0,1] — C, keeping the endpoints fixed. Differentiability of this
deformation is expressed as the differentiability of the map I' on Q:

Definition 10.8 Let U C C and let v5,71: [0,1] — U be C* curves. Then the two curves are
C'-homotopic relative endpoint, we write vy ~ v, rel {0, 1}, if there is a C' map

T:[0,1]x[0,1] - U
so that
(a) Wt € [0,1],5 € {0,1} : T(s, 1) = 74(t)
(b) Yt € {0,1},s € [0,1] : T(s,t) = () = 71(t)

3. Annuli

/a Ferde= [ 1) d

a2

The segment [a, b] does not contribute to the line integral over the red curve



Problem 10.9 Find the formula for a C*-function ¢: Q — C mapping the square Q to the annulus
and the edges of Q to the circles and the segment [a,b] shown in the picture. The curve ¢ o a moves
twice through the segment [a,b], but in opposite directions .

An annulus is a subset of C of the form Bg(P) \ B,(p), where P,p € C and R > r > 0 so that
|P—p|+7r <R If fc O()U) with U C C open and Bg(P) \ B,(p) C U, then f has the same
complex line integral over both boundary curves of the annulus. To see this, we consider the curve
oy * B*ay’ x 71 By additivity,

il*,@*%l*ga f(z) dz= /a1 f(2) dz+/ﬁf(z) dz — /042 f(z) dz — /5f<z> d

:/mﬂz)dz_/a?f(z)dz

But since the annulus is a rectangular region and oy * 3% a;, ' % 471 its boundary curve, this vanishes
by Cauchy’s Integral Theorem.

A subset € of a real vector space is convex if with any two points, €2 also contains the segment between
these points:
p,getel0, ] =tp+(1—-t)ge.

Problem 10.10 Let Q C C be a conver domain, f € O(Q) and v: [0,1] — Q be a closed, piecewise

continuously differentiable curve. Prove that ¢ f(z) dz = 0.
il

Proof: We may assume that v(0) = (1) = 0. Let 0 = ¢, < t; < --- < t, = 1 be the only non-
differentiability points of . Then ¢: [t;_1,¢;] x [0,1] — C, ¢(t,s) = sy(t) is continuously differentiable
and maps [t;—1,¢;] x [0,1] in Q. The boundary curve of this rectangular region is the concatenation
Bi = Lyi_y) * Y|[tiz1, ti] * K;tli * co, where ¢, is the constant curve at p and ¢, is the segment from 0 to z.
Now ﬁ{ f(z)dz==>"", fvl[t- o f(z)dz==>"", fﬂi f(z) dz, because the integrals over the /., in this sum

cancel (and the integrals over the constant path are 0). By Cauchy’s Integral Theorem, fﬁi f(z) dz=10
for all i. °

11 Immediate Consequences of the Cauchy Integral Theorem

Theorem 11.1 (Cauchy Integral Formula on the disc) Letr >0 andp e C, f € O (ET(p)). Then

for all a € B,(p) we have
fla) = L% ) dz . (11.2)
|

210 J o p=r 2 — @



Proof: We may assume p =0 and r = 1. Let a € B;(0). For every ¢, 0 < ¢ < 1 — |a|, the function

f(2)

Z—a

is holomorphic on the annulus B;(0) \ B(a) .

Hence by the previous corollary of the Cauchy Integral Theorem

]{ &d'z:]{_d:em dz = lim 12 4,

J=12— 0 z—a €0 rZ—a

|z—al|=€

= lim
e’ —0 |h|=¢’

fla+h)
T *

To compute this limit we expand

fla+h) = f(a)+ f'(a)h + R(h) % =00

This leads to

}{ Mdz §27resup{‘@H |h|§€}ﬂ>07
|h|=€ h h
Mdz‘:‘ f'(a) dz| =0,
|h|=€ h |h|=e€
2
}[h:g @ dz = i %ieit dt = 2mif(a)

Corollary 11.3 (Mean Value Property of Holomorphic Functions) If f € O (B,(p)) then f(p) is
the average of f over the boundary circle,

1 [ ”
S E— S ity dt .
/() length S, (p) /Sr(p) / 21 Jo b+

Problem 11.4 Deduce the mean value property for harmonic functions on R?, i.e. if f € C*(R?% R) is
harmonic, Af =0, then for all p € R? and r > 0 we have
1

T0) = frgth S, () 5:(0)

.

Proof: We first extend f to a holomorphic function f+iv, where v needs to satisty v, = —f, and v, = f,,
i.e. gradv = (—f,, fz). The vector field (—f,, f.) on R? has a potential v because its curl vanishes,

Curl(_fyafx) = fmc + fyy = Af =0.



Theorem 11.5 (Power Series, Taylor Series of a Holomorphic Function) Let U C C be open and
feOW). Letpe U, r>0 and B.(p) CU. Then

oo
1. there is a unique power series ch(z — p)" with positive radius of convergence p representing f

) n=0
near p, i.e.

Vz € B,(p) : ch(z -p)" = f(2),

n=0

2. The radius of convergence of this power series is the radius of the largest ball around p contained in
U,
p=sup{p |By(p) CU} ,

3. This power series is the Taylor series of f at p and its coefficients are given by

L _ 1™ _L/ &
" - |z—p|=p ( .

n! 27i z — p)ntt

4. (Cauchy Estimate of the Taylor Coefficients)

e < sup LE)
TTL

Jo—pl=r
Problem 11.6 Compute the Taylor series of arctan around 0.

From the definition, arctan(z) is the antiderivative of f(z) = 75 with arctan(0) = 0. We can thus
integrate the geometric series “formally”,

1 . k 2k
= — = —1 fi <1
= L = o <
arctan(z) = Z 2(];1)]1 P for [z < 1.
o < T

Proof: A power series representing f near p is unique if it exists, because by Theorem it must be the
Taylor series of f.

For the existence of such a power series, we use the Cauchy Integral Formula and the local uniform
convergence of

- 1
Za":— for Ja] <1
—a



Lo 1,

To simplify notation, we will assume p = 0 and r = 1. Then for all ¢ € B1(0),
1

1 f(z
flg) = 2—}{ ﬁ dz = — 7
T J)sj=1 2 — ¢ 2 Sy 2 1—1
1 f2)—~q"
2w 2l=1 % Z zn dz
n=0
— (1 f(2)
- — dz ) ¢"
(27TZ |z]=1 Zn+1 z) 9
n=0 _ ,
[

As an immediate corollaries we have

Theorem 11.7 (Goursat’s Theorem) A holomorphic function on domain in C is infinitely often com-

plex differentiable, in particular (as function R? — R?) of class C*°, smooth.

Functions f € O (C) are called entire. If such a function is bounded, say |f(z)| < M for all z € C, then

at all p € C the nth Taylor coefficient ¢, satisfies
M
len] < sup ‘f(j)‘ <— forall r>0,
lz=—pl=r T r

hence ¢, = 0 for all n > 0. We have proved

Theorem 11.8 (Liouville’s Theorem) An bounded entire function is constant.

This also gives the probably shortest proof of the

Theorem 11.9 (Fundamental Theorem of Algebra) FEvery complex polynomial of positive degree has

at least one zero.

Proof: Let f € C[z], f(2) = apz™ + -+ + ap with n > 0, a,, # 0 and assume that f has no zero, i.e.

f: C— C\{0}. Then % is holomorphic. But
o B2 - 2] o[ =

+ -

Zn

£ =" (an +
In particular, there is R > 0 so that | f(z)| > 1 whenever |z| > R. On the other hand, BR(0) = {2 ] |2| < R}

is compact, hence m := min,<g | f(z)| exists and is positive. Now

g%wmzmm@ngmgyﬂm}zmqu>o



and
1

f(2)

B 1

min,ec | f(2)]

max
zeC

is finite, % is bounded.

By Liouville’s Theorem % is constant, but this implies that f is constant and therefore not of positive

degree. °

Theorem 11.10 (Identity Theorem) Let U C C be a domain (an open and connected subset), p € U,
and f,g € O (U). Let A C U be a subset with an accumulation point in U and f|s = gla. Then f =g.

A topological space X is connected if the only open and closed subsets of X are () and X, or, equivalently,
if X =G U H with G, H open and disjoint can only be if one of G, H is empty.

For open subsets of R™ this is equivalent to being path connected: A topological space X is path
connected if for every two points p,q € X there is a continuous map c: [0,1] — X (a “path”), joining p

to ¢, p~ ¢, i.e. ¢(0) = p, ¢(1) = q.

Proof: The Identity Theorem now follows from the power series expansion of holomorphic functions. In
the setting of the theorem, consider the difference h = f — g € O (U) and the set

G={ueU|VkeNy: ¥ (u)=0} .

The set G is closed because all the derivatives h*) are continuous. On the other hand, if p € G, then all
coefficients of the Taylor series of h at p vanish. But then h vanishes with all its derivatives on the ball of
convergence of this power series. Thus p is an interior point of GG, and we have shown that all points of G
are interior, G is open.

By assumption h vanishes on a sequence (ay), .y With lim, ,a, = ¢ € U, a, # ¢ for all n, and, by
continuity, h(g) = 0 also. Assume there were & € N with A% (q) # 0. We may assume that k is minimal
with this property and that ¢ = 0. Then for some r > 0, for all z € B,.(0) we have,

h(z) = 2* (ck + ZZ ck+1+jzj> = 2M(cp +29(2)) #0
=0

if z # 0 and |z| max|¢j<, g(¢) < |cx|. Therefore there is a neighbourhood of ¢ where h has no zero other
than ¢. But this contradicts the assumption that ¢ is an acccumulation point of the set of zeros of h. e

Definition 11.11 Let U C C be open, p € U and f € O (U). Then the order of f at p is

ord(f,p) =min {k € N | B (p) # 0}

(with the convention that min () = +00).



If the order is finite, then there is > 0 so that B,(p) C U and for all z € B,(p) we have

f(z) = f(p) + (z = p)™ P g(2) (11.12)

with some g € O (U) with g(p) # 0. Equivalently, the order is

k

=max {k € N|3g € O(B,(p))Vz € B.(p) : f(2) = f(p) + (z — p)*g(2)}

ord (f,p) = max {k: eN ‘ w has holomorphic extension to p}
z2=p

Theorem 11.13 (Local form of a holomorphic function) Let U C C be a domain and f € O (U) be
not constant. Then for any p € U there is a neighbourhood V- C U of p and a biholomorphic map

¢: B.(0) >V with ¢(0)=p, forsome r>0 so that

F(¢(2)) = f(p) + =% for all 2 € B,(0)

Proof: Since f is not constant on the domain U, it must have finite order at each point. W.l.o.g.
p=0= f(p) and k = ord(f,0), thus

f(z) ="+ 2 forall z € Bu(0)
j=1
with some ¢;, ¢, # 0 and " > 0. We may further assume ¢; = 1 so that
f(z)=2"+ ZCk+jzk+j = 2Fg(2)

j=1

for all z € B,(0) and some g € O (B,~(0)) with g(0) = 1. By continuity of g there is v < 7’ so that
g(B,»(0)) € By(1). Since In is given by the power series (9.10) on B;(1), In is holomoprhic there and we
have

. k
[(2) = (20O = (h(=))* foral 2] <"
with some function h € O (B,~(0)), h(0) =0, A'(0) = 1.
By the Inverse Function Theorem the function A is a local diffeomorphism near 0. Thus, there is an open

neighbourhood V' C B, (0), r > 0 and a (real) differentiable map ¢: B,(0) — V. The derivative of ¢ is
the inverse of the derivative of h, hence complex multiplication

hence ¢: B,(0) — V is biholomorphic and we have

f(o(2)) = 2F forall zeB,(0).
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A holomorphic function near a point of multiplicity 3

Corollary 11.14 (Leaves near a point of higher order) If U C C is open, f € O(U) and p € U
with ord (f,p) = k < co. Then there is a neighbourhood V- C U of p such that

@ ={ 12

Proof: By translating the problem (i.e. replace f(z) by f(p+2)— f(p)), we can assume that p = f(p) = 0.
By Theorem [11.13| we may further assume that f(z) =

Zk. ®

Problem 11.15 Recall that a map f: X — Y between topological spaces is open if f(U) C Y is open
whenever U C X is open. Show that for all k € N, the kth power map C ﬂ C is open.

Corollary 11.16 (Open Mapping Theorem) If U C C is a domain and f € O (U) is nonconstant,
then f(U) is also a domain. In particular f is open.

Proof: By continuity, f(U) is connected. By the Theorem [11.13| on the local form of a holomorphic
function, every point p € U has a neighbourhood V' C U with a biholomorphic map ¢: B,.(0) = V, so
that f(4(2)) = f(p) + 2°4UP) hence f(y) = f(p) + (qﬁ_l(y))ord(f’p) for all y € V. In particular

FOV) = @) + (67 ®) ™Y = £(p) + Bo(0)U) = Bowairn (f(p))

is open. °



Corollary 11.17 (Maximum Principle) The absolute value of a nonconstant holomophic function on
a domain does not assume its maximum on the domain.

Proof: If f € O (U) is not constant, then f: U — C is open. Since the modulus || : C — R{ is an open
function, so is the composition |f|: U — R{. Therefore |f(U)| C R{ is open, hence sup |f(U)| € |f(U)].

This can be rephrased

Corollary 11.18 (Maximum Principle) The absolute value of a nonconstant holomophic function on
a connected compact subset of C assumes its maximum on the boundary of the subset.

Since R, &: C — R are all open, we have statements similar to [11.17], [11.18]

Vanishing of the complex line integral characterizes holomorphic functions:

Theorem 11.19 (Morera’s Theorem) Let U C C be open, f: U — C continuous. Assume that for
every three points (a,b,c), a,b,c € C, whose conver hull A(a,b,c) lies in U we have that f& f(z) dz =0,
where § is the boundary curve of the triangle A(a,b,c). Then f € O(U).

A triangle is the convex hull of three points. Thus if a, b, ¢ € C, then the triangle spanned by a, b, ¢ is
Aa,b,c) = {aa+ Bb+vyc|a, B,y ERf,a+B+y=1} .
The boundary curve of A = A(a, b, ¢) is the concatenation of the edges of the triangle,
a+tb—a) ifo<t<l1

da,bye)(t) =< b+ (t—1)(c—0b)if 1<t <2 . (11.20)
c+(t—2)(a—c)if2<t<3




Problem 11.21 There s some ambiguity here. First the triangle might be degenerate, for instance b
might be on the segment [a,c|. Even if the triangle is not degenerate, one might reverse the orientation.
Check that none of these matter here. Find a formula X (a,b,c) determining the orientation of the curve
from the coordinates of a, b, c, if the points do not lie on a common line.

Proof: Since holomorphicity is local, we may assume that U = B,.(p) for some p € C, r > 0, and we may
also assume p =0, r =1, i.e. U =B = B;(0). We will define an antiderivative F’ of f. Then the theorem
follows from Goursat’s Theorem.

Up to a constant, an antiderivative of F' must be given by line integrals over segments emanating in 0,
1
Fla) = [ f)dz = [ fita)q a
I 0
with £,(t) = tq for t € [0,1]. We need to show that F' = f. To this end, for h so small that p+ h € B,

Flp+h) —F(p) 1
h E(gqf dz_/q+hf )
1

/ f(z) dz since {,%(q~ q+h)x quh bounds a triangle in B
q~q+h

>

/ flg+th)h dt

bl*—‘

=/0 Flg+th) dt 2% £(q)

because f is continuous. °

Notation: H = {z € C| 3z > 0}, the upper half plane.

Theorem 11.22 (Schwarz Reflection Principle) Let U C C be open and invariant under complex
conjugation, i.e. z € U => Z € U. Let f be a continuous function on U which is holomorphic on

UNH={2€U|Sz>0} and f(UNR) CR. Then the function F on U defined by

o) ) ifS2<0
F(z): {f(z) i3> 0 (11.23)

s holomorphic on all of U.

Problem 11.24 Let U C C be open, f: U — C be a holomorphic function, cU = {u | u € U} the complex
conjugate of the set U and cfc: cU — C be the conjugate of f with complex conjugation, i.e.

cfe(x) = f(T) -

Prove that cU is open and that cfc € O (cU).



Proof: You have just shown that the restriction F|ynes is holomorphic. Since the two definitions in
(11.23) coincide on R N U, F is continuous. In order to apply Morera’s Theorem we need to prove that
complex line integrals of F' over triangles in U vanish. For triangles lying entirely in the upper or in the
lower half plane this is follows from Cauchy’s Integral Theorem, because F' is holomorphic there. If the
triangle does not lie in the upper nor in the lower half plane, we split it in a triangle and a quadrilateral,

5 C
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Then

jéf(z) dz = ]gj f(z) dz+ . f(z) dz+}l€€f(z) d

The integrals over 0" and 0. vanish for all positive ¢ by the Cauchy Integral Theorem. The limit of the

integral over ~y, converges,
b a
lim]{ f(z) dz :/ f(x) dx—l—/ f(x)dx =
e—0 Ve a b

12 Isolated Singularities

ItpelU °C' C and f € O(U\ p), then one says “p is an isolated singularity” of f. The isolated
singularity p is removable if f has a holomorphic extension f to U, i.e f € O (U), f gy = f- pis a
pole if p is not removable and there is some k € N so that p is a removable singularity of the function f
with f(z) = (z —p)*f(2). The smallest such k is the order of the pole. An essential singularity is an
isolated singularity that is neither removable nor a pole.

sin(z)

Example 12.1 The point p = 0 is a removable singularity of f(z) = In fact, the holomorphic

extension is given by the power series
00 )k 22
=3 G

k=0



Similarly, the point 0 is a removable singularity for functions like

e?—1—z— 172 1 — cos(z)

Y

Y

23 22

and the power series of the holomorphic extension is easily derived. The value of the holomorphic extension
at the removable singularity of a function f is denoted by

f(z)’z—p
For example
sin(z) _, ee—1—z— 32 1 1 — cos(z) B
< z:O— ’ 28 z=0_ 6 ’ z? z:0— 2

Usually we will not distinguish between the function and its extension over a removable singularity.

Example 12.2 The prototypical ezample of a pole of of order k € N at p is the function

Example 12.3 The points p = kn, k € Z, are poles of order 1 of the function f € O (C\ 27Z) with
1

f(z) =
These singularities are not removable since for any k € 7Z, the limit im,_ 9. f(2) does not exist. On the
other hand, since sin(mk + z) = (—=1)¥sin(z), we have

—nk
_ NS
(z = 7h)f(2) = (-1)" ——
whose singularity at wk is removable,

(=1) =(-D".

sinz —7k|,__,

Example 12.4 The function f(z) = ex has an essential singularity at p = 0, because there is no k € N
so that

1s bounded near z = 0. Similarly, z = 0 is an essential singularity of

sin(1/z) and cos(1/z) .



12.1 Laurent Series

For r, R € R}, r < R, the concentric annulus is

A r(p)={2€C|r<|z—p| <R} .

The following is analogous to and

open

Theorem 12.5 Let A, r(p) CU C C and f € O(U). Then there is a unique sequence (cy),; € C” so

that

[ =3 ez —p)".

ne”

(12.6)

This Laurent Series converges absolutely and uniformly on every compact subset of A, r(p). The deriva-

tive of f is

Pz =3 neaz—p)

nez

The Laurent coefficients c,, are given by the formula

1 f(2)

B 2mi |z—pl=p (Z - p)n

Cn

Proof: We may assume p = 0. Let ¢ € A, g(0) and choose 0 so that
r<r+di<|gf<R—-56<R.

By continuity of f, for € > 0 so that B, C A, zr(0) we have

f(q):hmiylf Mdz:f 1@ g,

P=0 2T |, _ql=p Z — 4 a—gl=c 2 — 4

dz forany pe€ (r,R).

(12.7)



By additivity of the complex line integral and the Cauchy intergral theorem for rectangular domains,

_[fE fl) o flz) f(z)
0= 7z—qdz_j|{z|:R_5z—qu j{|:r+52’—qdz j{z—ﬂ:ez_qdz

¥ = M dz — f(2) dz . 12.8
2mif (g) 7{ 7|4 (12.8)

z|=R—8 # — 4 zl=r4+6 7 — {

Thus

As in the proof of Theorem [11.5] we now use the Taylor series for ——, this time at 0 and oo,
y 1-z

sz if 2] <1
1

— k=0

- o)

1—
© —Zz‘kif|zl>1

k=1




Since r + 0 < |q| < R — ¢ we can expand the integrals in (12.8]),
27rif(q):j{ Mdz—f Mdz
| |

2|=R—86 # — 4 zl=r46 7 — {

7{ f(z dz—]{ f—Z) L dz
|z|=R—¢ z 1- |z|=r+4 < _%

1-¢ 1
fL IR PEO

k=0 k=1
+00
_ Z ( f(z) d ) ¢
e ey 2511 /
omic
for all p, r < p < R, since the integrands are holomorphic on A, z(0) which shows ((12.7]). .

Corollary 12.9 (Estimate of the Laurent Coefficients) (in the notation of Theorem For all
perR),
max {f(2) | [z —pl = p}

o

| <

Corollary 12.10 (Principal Part) Ifr,R € [0,00], 7 < R, p € C and f € O (A, r(p)), then

f(z):N(z—p)—i—H( ) with N € O (Bg(0)) and H € O (By(0)) and H(0)=0.

Z=p

H 1is called the principal part of f at p.

In the case r = 0, the point p is an isolated singularity. The type of this singularity is determined by the
principal part H, because NN is holomorphic there.

Corollary 12.11 Let f € O (Aor(p)). Let H be the principal part of f at p. Then

1. p is a removable singularity if H = 0.
2. pis a pole of order k if H is a polynomial of degree k.

3. p is essential if H is not a polynomial.

Since the first case in Corollary [12.11]is the only one where the function is bounded in a vicinity of the
singularity, this immediately gives



Theorem 12.12 (Riemann Removable Singularities Theorem) If Q C C is open, p € Q, and f €
O () \ {p} is bounded, then p is removable and thus f extends to a holomorphic functon on all of Q.

Theorem 12.13 (Casorati-Weierstrass) Let U C C be open, p € U and f € O (U\ {p}). Then p is
an essential singularity if and only if f(U \ {p}) is dense in C.

By Picard’s Theorem, C\ f(U \ {p}) contains at most one point.

Proof: If f(U \ {p}) is not dense in C, then there is ¢ € C and r > 0 so that f(U \ {p}) € C\ B,(q).

Thus ﬁ < %, hence m has a removable singularity at p. °

Thus for an isolated singularity p € U °C" C of a function f € OB.(p)\ {p}) there are three possibilities:

1. removable: f is bounded near p,
f extends holomorphically to p,
lim,,, f(z) exists.

2. pole: for some k € N,
p is a removable singularity of (z — p)* f(2),
lim,,, f(z) = oo,
ﬁ is bounded near p.

3. essential: Neither f(z) nor ﬁ is bounded near p,
Neither lim,_,, f(z) nor lim,_,, ﬁ exist

f(B,(p) \ {p}) C Cis dense for all 0 < p <.

12.2 The Riemann Sphere, Meromorphic functions

Definition 12.14 A meromorphic function on an open subset U C C is a function f € O(U\ S)
where S C U is a discrete subset and all s € S are poles (of finite positive order). We denote the set of
meromorphic functions on U by M(U).

Thus meromorphic functions are functions without essential singularities. If f € M(U) then for each
p € U, f is holomorphic in a neighbourhood of p or p is a removable singularity of %

Let S = C U oo be a one point compactification of C. Thus oo € C and the topology of S is
{U|U cCopen}U{S\ K| K C C compact} .
This is the topology induced by the maps

2z 1 21 000
z2:C—~—">58 and -:C z S.
z



Definition 12.15 A map f: U — S, U C S, is holomorphic if its compositions

zofoz, lofoz, zofol, lofo1
z z 'z z

are holomorphic where defined. We write

OWU,S)={f:U— S| f aholomorphic map} .

We have a natural injection

M(U) = O (U,S)

missing only those holomorphic maps f: U — S which are constant co on a component of U.

Example 12.16 If f € O (U \ {p}), p€ U C C, and p is a pole of order k, then ﬁ has a zero of order
k at p.

A polynomial of degree d has (a pole of) order d at co. Since p(co) = oo, we need to look at 1/p(1/z),

1
ord (p(z); z = o00) = ord (p (%),z = 0) =d

because

1 24
_ , 0.
dd (%)d + a4 (%)d_l +...a1 () +ap GataaazA... ap 21 + apz? a7

—

p(z
q(z

A holomorphic map f: S — S is a rational function, i.e. of the form f(z) = with polynomaials p and

q.

~

Meromorphic functions U — C are holomoprhic maps U — S.

13 More Problems

1. Compute

2w 1
/ +2 dt .
o 1+sin(t)



Solution: We can rewrite this as a complex line integral over a closed curve and apply the Residue
Theorem,

27 2
1 1 1 ..
/ o dt :/ ——————ie dt
o 1+sin(t) 0 14 (get)Tae

1 1
= f —z_l 25 dz
=TT+ (T)

41z
2 4 2 dz
|2]=1 —4z% 4+ 24— 222 +1
41z
———d
j|{z:1 24— 62241 ®

_ 7{ 41z "
=1 (22 = (3 = 2v/2))(22 — (3 + 2v/2))

[ J/
-~

J(2)

= 2mi (Res (J(z); z=1/3— 2\/5) + Res (J(z); z=—1/3— 2\/5))

:2m( 4i\/3 =22 . —4i\/3-2\2 )
23 -2v2 ((3—-2v2) — (3+2v2)) —2v3—-2v2 ((3—-2v2) — (3+2V2))

43 -4
= 2mi + ) =mV2 .
(2 (—4v2) =2 (—4V?2)
. Compute the integral
/ SH;( )t

[e.9]

Hint: Close the path of integration as in the picture below. Choose the relation between h and r
so that the contribution of the integrals over (., w, and u, can be neglected in the limit » — oo.
Compare the integral over «, with that over the full circle.

Solution: This is the imaginary part of

—1/r _it T it iz iz
lim / e—dt+/ ©dt) = lim /e—der/e—dz
r—o0 _r t i t r—oo \ J,, 2 5, 2

Here ., d,, o, B, are the curves
Yt [_T7_1/T]_>C ) 7T<t):t )
6 i [1/ryr] = C , 6.(t) =t,

o

[
ﬁr,h: [
wrpt [0,h] = C ) w(t)
Wrp: [0,h] = C  u(t) =r+it
1

the auxilliary curves:

(%1

e
/ i
Wr h Z




< 2reh

eiz
/ — dz
Br,h z

If we choose = h?, both of these converge to 0 for h — oo.

lim — dz = = lim —dz =
r—00 ar z 2 e—=0 |2|=¢ z
Since .
]{ —dz=0
Vr*a;l*ér*ﬂr,h*ﬁgfi*wr,h z
this yields
> sin(t
/ (*) dt =7 .
oo b
—r +1ih Br.h r+ih
Wrh A h o, hoAMrh
—r Yr -1 1 5, r

3. Throughout this problem, zeros are counted with multiplicity. How many zeros has the polynomial

p(z) =2°4+922+3 in

(a) B2(0)?

(b) A23(0)={z€C|2<|z| <3}7

Solution: If |z| = 2 then

|2°+3] <2°+3=35<9|z* =36
By Rouché’s Theorem [2.26], p has as many zeros in By(0) as 22, i.e. 2.
If |z| = 3 then
92+ 3| <8143 =284 < |z°| =3 =243 .

By Rouché’s Theorem, p has as many zeros in B3(0) as 2°, i.e. 5. Since none of these are on S5(0),
we have 3 zeros in the annulus A, 5(0).

4. Show that the function f € O (C) with f(z) = e* + z° + 1 has exactly three zeros with negative real
part.

Hint: Compare |e*| = %) and |2° + 1| for z imaginary and for R(z) <0, |z| = 4056. The estimate
is in your favour in order to apply Rouché’s Theorem [2.26] except at z = 0. Use the zero counting
winding number directly.

Solution: Let v be the boundary curve of Q = {z € C|(z) <0 ,|z| < 7000}. For z on v we have
|25 + 1| > |e*| except at z = 0, so we can not use Rouché’s Theorem directly. But as for the proof
of that theorem, we look at the zero’s counting winding number w(f o+, 0). Consider the homotopy

H(s,t) = 5" 4 y(t)° + 1.



For s € [0,1], if v(t) # O then H(s,t) # 0 because of the above estimates. If y(t) = 0, then
H(s,t) = s+ 1, by direct computation. Thus, in all cases H: [0, 1] x [0,1] — C\ {0} is a homotopy
relative endpoint of f o~ with go~, g(z) = 2° + 1 avoiding 0. Thus

w(fo~,0)=w(goy,0)=3
because z° + 1 has three simple zeros in the left half plane.
5. Consider the polynomial
p(z) =27 + 1025 + 1522 4+ 1.

Determine the number of zeros of p in each of

Bi(0) , Ba(0) , Bs(0) and C\By(0) .

Hint: First count with multiplicities. Why does p not have higher order zeros?

Solution: We look at the boundaries of these discs:

(a) |z =1|: Then [15z3| =15 > 1+ 10+ 1 > |2 + 102° + 1], hence p(z) has as many zeros with
2] < 1as 23 ie. 3.

(b) |z| = 2: Then |102° = 10-2% > 8-26 +15-23 + 1 > |2 + 1523 + 1], hence p(z) has as many
zeros with |z]| < 2 as 25, i.e. 6.

(c) |z| =3: Then |27 =27-3% > 10-3%°+15-3% +1 > |102° + 152° + 1], hence p(z) has as many
zeros with |z| < 3 as 27, i.e. 9.

(d) |z > 3|: Since p(z) has degree 9 and all 9 zeros are in B3(0), there are no zeros in C \ B3(0).

We thus have three zeros in each of the three annuli
Ao, Ar, Aos .

Since p(z) = q(z?) for some degree 3-polynomial ¢, if 2 is a zero the so are ez and €?z. Since 0 is
not a zero, These are pairwise different, and have the same modulus, hence lie in the same annulus
above.

6. Find a biholomorphic map
Qi={eCl0<R(2), 0<S(2) <7} - T:={zeC|0<I(z) <27} .

Hint: power functions, exponential /log, Mébius transformations.
Solution:

z

Q2% {2 > 1,3(2) > 00— En{S(2) < 0 2% 13(2) > 0, R(2) > 0} =22 C\RY = exp(P) .

7. Classify the following domains up to biholomorphic equivalence. Briefly justify your claims.



(e) Qe ={z€C|R(z) > 3(2)"}

) o, =E\ {0, 1}

() 0, = {z€C|2< || < 3)

(h) & =C

(i) =C\[-1,1]={z€C| |R(2)| > 1 or S(z) # 0}

Solution:
(a) g, Oma, g are simply connected and different from C, hence mutually equivalent by the
Riemann Mapping Theorem.

(b) Omp = Op because Inversion at —1, z — 1/(z + 1) takes Qg biholomorphically to C\ ({0} U
[1/2,00)). This is biholomorphically equivalent to E \ {0}.

(c) None of Qg g, g, O is equivalent to any other in the list:
C is not equivalent to any other domain. Otherwise, if C =2 G # C, then G would be biholo-

c
morphically equivalant to E by the Riemann Mapping Theorem. However, C' is not equivalent
to [, for instance by Liouville’s Theorem.

The annulus Qrg = As 3 is not equivalent to © \ S for any open set {2 and a discrete subset
S C Q. This is because a holomorphic map 2\ S — A, is bounded and therefore all its
isolated singularities S are removable, i.e. the map extends to all of 2. By the open mapping
theorem, this extension must map all the singularities to points in A 3.

Qg is equivalent to C\ ({—2,—1} U[0, 00). The square root takes this to H \ {i,iv/2} and the

. \/5_1
Cayley transform maps this to E \ {0, NS }

8. Consider the polynomial
p(z) = 1122 +152° + 1.

Counting roots with multiplicities determine the number of zeros of p in each of
Bi(0) , Bs(0) , Bs3(0) and C\ Bs(0).
How many roots does the polynomial have disregarding multiplicities?

Solution: If |z| = 1/3, then

11 15
9 3
‘112 + 152 §§+§<1,

hence we have no zero in By3(0)
If |z| = 1, then
152%] =15 > 1141 > [112° + 1
and by Rouché’s Theorem, the polynomial has as many zeros in B1(0) as 1523, i.e. 3.

If |z| = 2, then
[112°] =11 x 512> 15 x 8+ 1 > [152° + 1

and by Rouché’s Theorem, the polynomial has 9 zeros in By (0).

Since this is the degree of the polynomial there are no more zeros, i.e. the number of zeros in B3(0)
is also 9, and there are no zeros in C \ B3(0).



10.

11.

39

The polynomial p(z) “is a polynomial in 2°”, i.e. there is a polynomial ¢(u) € Clu|, namely

q(u) = 11u® + 15u+ 1,

so that
p(z) = q(u)],_.s -
A consequence of this is that if p(a) = 0, then p(ea) = p(¢’a) =0 for € =1 # e =1+ ‘/73 Thus the
non-zero roots of p come in triples a, ea, ea. Since p(0) # 0, if a were a zero of p with multiplicity
2, then by the first part, the zeros of p would have to be b, b, €2b simple zeros for some b € B;(0),
and a, €a, €?a all double zeros and 1 < |a] < 2. The zeros of ¢(u) must then be a® (simple) and
b® (double). To see that ¢ has no double zeros, we compute the greatest common divisor of ¢ and
¢'(u) = 33u® + 15,
11w + 15u + 1 = (33u? + 15)% 4 10u+ 1

but 10u 4 1 irreductible. Hence ¢ and ¢’ are coprime. Thus ¢ has three different zeros and p has 9
different zeros.

It is known that two annuli A, p = Bg(0) \ B,(0), A, g, are biholomorphically equivalent if and only
if R/r = R'/r'. Prove the weaker statement: “There is r > 0 so that for all p, 0 < p < r, the annulus
A, 1 is not biholomorhically equivalent to Ao ;.”

Hint: Assuming the contrary, i.e. a sequence of biholomorphic maps

n—oo

Pn
Arn,l — A1/2,1 y Tn 0,

show that there would have to exist a biholomorhic map
¢
E \ {0} — Al/g,l
which is impossible because of the nature of its singularity at 0.

Find a biholomorhic map E — E \ R .

Solution: z +— ¢ ( cl(z))2.

* Wi
14t
Solution: The integral is equal to

Compute the integral dt .

R
t
im Vi dt = lim i dz
r—0,R—00 /. 1+t r—0,R—00 ~y 1+ 24

where v, g(t): [r, R] = C, v, r(t) = t. We close v with the paths
a,p:00,7/2] - C,w: [r,R] = C

o, (t) = re?™
ﬁR(t) — Re2m’t
wT,R(t) =1t



12.

The loop ~.r * Br * W, ,1% x ;' is a boundary curve for the domain Qe =
{pe |r < p< R, 0<t<m/2}. We estimate or compute the integrals over the auxillary paths:

/ vz dz §7T—r VT 0.0
0. 1+ 24 2 (1 —r4)?
R R 00
' £4dz Sﬂ-_ 4\/_ R~ s 0
R ;
/ vz dz = L?fz'dtzz bV dt:i3/2/ vz dz
14 24 . 14 (it) L1+t o L2

If r <1 < R then there is one smgularlty of the integrand in €2,  at /2 = e™/4 = 1—\;; The winding

number of v, g * B * wr’ » % a, ' around this singularity is 1. The residue of the integrand is

1/4
Res( vz '2—@1/2)— it

1+ 47 (2'1/2 _ i3/2)(i1/2 _ i5/2)(i1/2 _ i7/2) ’

By the residue theorem the loop integral is

2miil/4
(1'1/2 _ i3/2)(i1/2 _ 2'5/2)(1'1/2 _ i7/2) )

For the integral over v we get

1 27/
1 —¢3/2 (i1/2 _ i3/2)(i1/2 _ i5/2)(i1/2 _ 2'7/2)

1 27i®/4 1

T T T
T 1_3n 29 1/2 2‘:i1/4—i7/4§:4cos7r8: 1 1
V2222 (7/8) 4[5+ 4

Let v: [0,2] — C be the curve with () = (1 — t) 4+ it®(2 — ¢)®. Compute

1
/—dz.
v 2

Solution: The integrand is holomorphic on the closed upper half-plane minus 0, X =
{z€C|S(2) >0and z # 0}. The curve ~ is homotopic relative endpoints to the curve (t) =
1—t+4+1iy/1—(1—1)2 t€[0,2], which is a reparametrization of the upper semicircle 4: [0, 7] — C,

4(t) = €. The integral is
/ dz —/ dz —/ —ze” dt =

Alternatively the function f(z) = < has an antiderivative on X, 1 = di In(u) where In(re) =
u U=z

In(r)+i¢ for r € R*, ¢ € [0, 7], is the branch of the logarithm defined in the upper half-plane. Thus

/2 dz = [In(w)]:={Y)) = In(1) — In(—1) = ir .



13. Compute the integral

Solution:

> cos(z) el
dr =R dx .
/w1+x4x /m1+x4x

We close the path of integration by a semi circle at oo in the upper half-plane. The singularities of
the integrand in the upper half-plane are simple poles at €, €3, where € = ¢/™/* = 1—\;%’ The residues
of the integrand at € and € are

Res i'x— = -
[ (e—e3)(e—€B)(e—€T)

ez':v
es<1+x4,m ‘ ) (3 —€)(e3 —€e)(ed —€)

By the Residue Theorem

/OO 1 +x4dx = 2mi <(e—e3)(e—e5)(e—e7) + (3 —e€)(e3 —e?) (e —67))

eZE e’LE

+
V2(1+0)V2iv2 - —V2ivV2(—1+14)V2
_2m e’ n e’
v\ 1+ —(=1+4)
7€ ie3
I
V2 (1—1—2’ 1—¢>
1t j =it
v e V2 e V2
G <1+z'+ 1—2')
7'('671/\/i 6% 6\_7%
NG 140 1=
7'('671/\&

-5 (1= dev2 + (14 i)e )

= 271

The real part of this is

/°° cos(x) Te 1/V2
oo L2t 2v/2

- o () )

14. Consider the function f: C\ {1,2} — C with

i

((1 — )i + (1 +¢)e%)




Find the Laurent series of f convergent in the annuli

{zeC| |zl <1} , {z€C|l<|z|<2} and {zeC|2<|z|}

Solution: Partial fraction decomposition gives

1 —1 1
1) = 22-324+42 2-—1 +z—2
1 1/2 ~1/z 1/2 ~1/z 1/z

Tz -z 1-1): 1—:p2 1-1): 1-2/:

which gives convergent Laurent series

o k. (o)
k_ 1 k
S g =2 (1) dor <1
k=0 k=0
[e’e] L oo Zk
Z_Z _szﬂ for 1<|z|<2,
k=1 k=0
Z ok gk=1 -k Z(2k_1 —1z" for 2<|z| .
k=1 k=1

15. Let v: [0,1] — C be the curve with

v(t) =t + it + cos(sin(nt) + it(t — 1)) .

/zez dz .
Y

Solution: The integrand is an entire function in z. An antiderivative for this is

Compute the complex line integral

F(z)=ze* — €.

Thus the integral is

[ 5 4= FO() = FO0) = P +1) = FO) = (1406 = 41 =14 ic! +ie

16. Compute the integral

2 sin(t)
/0 T+ sin(t) cos(t)

Solution: We rewrite this as a complex line integral, substituting

, 1
z=¢e" | cos(t) = - +2 /2 ,  sin(t) =

z—1/z
21

and get

2w : z—1/z
t = 1
/ ‘Sln( ) dt :% 21 ~dz
o 14 sin(t)cos(t) =1 1+ LS/Z% iz



222 —2 22 —1
= dz = —21 _ dz.
]21 —422 4424 — 4 ® ! le 24+ 4022 -1 &

The zeros of the denominator of the integrand are
:l:\/—2i +vV—A+1=4/(—2+V3)i.

1/ (=2 +V3)i

and these are simple poles of the integrand. We need the residues

Inside the unit disc are

Res (22—_1 p=4y/(—2+ \/§)z’>

24+ 4022 -1

2 1
— Res : 2=/ (=2 + V3)i

(22 +i(2+V3) Zij’
(—2+V3)i—1
(=2 +V3)i+i(2+ V3)

By the residue theorem, the integral is

ori(—2i) <Res (22—_1;2 — -2+ \/é)z') + Res <_"2 b SR AP \/§)z)>

2444522 — 1 2444422 — 17

17. Compute the integral

> cos(x)
/oo Cr )™

* cos(z) _ > et
/oo Tt a)dr )™= §R/m T a)dra2)™

We close the path of integration by a semi circle at oo in the upper half-plane. The singularities of
the integrand in the upper half-plane are simple poles at ¢ and 2¢. The residues of the integrand at
¢ and 27 are

Solution:

Res (e )~
Res ((1 e (dta2) 2i> Tt @))E 12

By the Residue Theorem

o _
627, 2

/oo eix d o 671 672
r=2m——- —
T+ )4 +22) T\ 6 120

/_Z (1+ -(T:(;;Ei)—F I (66;1 — 61__22)




< 00. Show that the series

18. Let (wy), .y € CN be so that Z
n=1

|w,|

o0

> . _1w (13.1)

n=1

converges locally uniformly (compactly) on C\ {w, | n € N}.

Solution: For any R € R*, we have

N(R)::#{n€N|\wn\<R}:#{n€N‘ ! 1}§ZR < 00 .
n=1

> J—
lwa| ~ R — ||

If |2| < R < 2R < |w| then |z —w| > |w/2|. For |z| < R we estimate the tail of (13.1]),

1

PO DY

n>N(2R) " n>N(2R)

SZILM—%O

" n>N(2R) nl

independent of z (as long as |z| < R). This shows that the sum (13.1)) converges uniformly on all
sets
Vi :=Bgr(0)NC\ {w,|n €N} .

Since C \ {w,, | n € N} = |Jy V& the series converges locally uniformly.

19. Show that the isolated singularities of a biholomorhic map are removable with at most one pole of
order 1. Thus, let 2 C C be open, p,q € Q, p # ¢, and f: Q\ {p,q} — V C C be biholomorphic.
Then p, q are removable or, if p is not removable, then it is a pole of order 1 and ¢ is removable.

This proves the following

Theorem 13.2 [fQ) C S = CU {oco} is open, P C Q finite and f: Q\ P — V C S biholomorphic,
then f extends to a biholomorphic map f: Q@ —V C S where V.C V ‘TS and V \V = f(P).

Solution: An isolated singularity p can not be essential. To see this, let x € Q \ {p}. By the Open
Mapping Theorem, for all , s > 0 sufficiently small, f(B,(p) \ {p}) and f(Bs(z)) are open. By the
Casorati-Weierstrass Theorem, f(B,(p) \ {p}) is dense in C, i.e. intersects every non-empty open
subset of C. Thus for all r;s > 0, there is y € f(B.(p) \ {p}) N f(Bs(x)). If r +s < |z — p|, this
conflicts with injectivity of f.

Thus p is a pole (or removable) and f extends to a holomorphic map f:Q\{qg} = S =CuU{0}.
By Theorem [11.13| the extension f can not be injective near p if p were a pole of order > 2.

Finally if p and ¢ are both poles of first order, then f(B,(p) \ {p}) D C\ Br(0), f(Bs(q) \ {¢}) D
C\Br(0) for r, s sufficiently small and some R, T > 0. But C\B(0)NC\Br(0) # ( for all T, R > 0.
As before this conflicts with injectivity of f if r +s < [p — q|.

20. Compute the complex line integral

J([ 2+Z+ 2] dz .
|z|=1



21.

22.

Solution: This is straightforward from the definition:

27
]{ z+Z+ |7 dz:/ (e"+e " +1)ie" dt
|z|=1 0
27 ) )
:i/ 2t 41 + e dt = 2mi
0

One might also have remembered from class or elsewhere that §|z\:1 1/z dz = 2mi. Since for all z

on the curve in question we have |z|] = 1 and Z = 1/z and since the “function z” is holomorphic
everywhere, we can compute this as

1
7{ z2+Z+ |2 dz:?{ z+—+1dz
|z|=1 |z]=1 z

1
= ]{ —dz = 2mi .
|z]=1 7

Let f, g be entire functions, g(0) = 0, g(z) # 0 for all z € C\ {0} and ¢’'(0) = 1. Prove that

FE) 4o~ omig(o)
|z|=r g(2>
for all » > 0.
Solution: By the Cauchy Integral Formula,

27 £ (0) :ﬂgl: UG

z

The difference of the integrals

Mdz_ Edz: ﬁ—&dz
e

z r g(Z) lz|=r # g(Z)
L[ fRee) - )
|z|=r zg(2)

does not depend on r > 0 since the integrand is holomorphic on C\ {0}. Since g(0) =0, ¢'(0) =1
there is h € O (C) with

9(z) = 2(1+ zh(2)) .

The difference of the integrals becomes

(2)z(1+zh(2) = 2f(2) , f(2)2*h(z) L 2f()z)
I2|=r 22(1+ h(z)) dz = j{q:r 2(1 4 zh(z)) d j{dﬂ (14 zh(z2)) d 0

because the integrand is holomorphic on all of C.
Let f be an entire function. Show that

max {(Rf(a+1i))* | a* +b* <1} = max {(Rf(a +ib))* |a* +b* =1} .
Do we also have

max {sin(Rf(a + ib)) | a* + b* < 1} = max {sin(Rf(a +ib)) | a* +b* =1} ?



23.

24.

25.

26.

27.

Solution: Since the f is entire it is open. Also the maps C — C,z + 22 and ®: C — R are
open. The composition of open maps is open, hence g: z — (Rf(z))? is an open map and hence
{(Rf(a+1b))*|a*+b* <1} = g({a+ib|a* +b* < 1}) is an open subset of R. On the other hand,
g is continuous, hence assumes extrema on every compact set, and the set B* = {a + ib | a* + b* < 1}
is compact. It follows that g assumes its maximum only on the boundary {a + ib| a* + b* = 1}.

The second statement is also true. Since f is continuous and B compact, f (§4) =f (§4) is also
compact. Since f is open, f(B?) is open, hence f(B*) C interior f(B'), hence f(9B*) > af(B).
Now for every compact subset Y of C, we have RY = RIY. Therefore

R(f(BY) = R(Of(BY)) € R(f(9B)) .
Determine all entire functions f with
£ (2)] < [2[In(1 + |z]) (13.3)

Solution: The Cauchy estimate for the Taylor coefficients ¢, of such a function gives

len] <

r—0

rin(1+7) [ =250ifn>1
—— 0 ifn=0,1

Tn
Hence all Taylor coefficients of a function f satisfying ((13.3)) are 0.
The function f: C\ Z — C with

z

f(z) =

sin(mz)

is holomorphic. Let ch(z —1)" = f(2) be the Taylor series of f at i. What is the radius of
n=0

convergence of this power series?

Solution: Since sin(0) = 0, sin’(0) = 1 there is an entire function h with A(0) = 1 # 0 so that
sin(z) = zh(z). Hence

z z 1
/(2) = sin(rz)  zh(z)  h(z)

Therefore f extends to a function 1/h which is holomorphic at 0. Clearly, f and 1/h have the same
Taylor series at i. The largest 7 so that 1/h is holomorhic on B, (i) is v/2, this is therefore the radius

of convergence of the Taylor series of f at 7.

Find a domain U C C, a sequence (a,), .y € U" so that lim,_, a, exists (in C), and two functions
fyg € O(U) that coincide on this sequence (i.e. f(a,)) = g(a,)) for all n € N) but so that f # g.

Solution: Let U = R* +iR = {z € C|R(2) > 0}, (an),en = (#)%N e UN, g=0and f(z) =
sin(1/z).

Let U C C be open and f € O (U) be injective. Prove that f'(u) # 0 for all u € U.

Solution: If f'(u) = 0 for some u € U, then ord(f,u) =k > 2. By the Corollary on the number of
leaves of a holomorphic map near a point of order k, there is a neighbourhood V' of v in U so that
fisktolonV\{u}, in particular f is not injective there.

By the Riemann Mapping Theorem there is a biholomorphic map C\ R_. — E = B;(0). Find a
formula!

Solution: Let c: # = E be the Cayley transform, s: z — —22. Since s: H — C\ Ry is biholomor-
phic, the composition s o ¢! maps E biholomorphically to C \ R_.



28. Compute the Laurent series of

around 0.
Hint: Partial fractions, but only partially.

Solution: The partial partial fraction decomposition gives

1 -1 =z 1
f(z)iz(z2—4) PER R
q éﬁ; if 2 < |z|
-4 :
4z I—gllzg if0<|z] <2
-
1oa 4\,
_ -l k=0 .
S lEz6)
—> (=) o<z <2
16k:0 4

29. Is there a biholomorphic map A; 2(0) <> A; »(0)7?

Hint: Look at this in the right direction. The principal part is principal. Or invert (z — 1/z) to
pull co to 0. Some or all of Liouville, Laurent, Schwarz.

Solution: If ¢: Ay (0) — A;2(0) is holomorphic, then ¢ is given by its Laurent series,
o(z) = Z e

The coefficients ¢, satisfy the estimate

= 2
lex| < max{|¢(z)L| [zl =} < — forall r>1.
r r

Thus ¢, = 0 for all £ > 0 and ¢ is equal to its principal part,
o(z) = H(1/z), H: B1(0) — A;2(0) biholomorphic, H(0) =0
impossible.

30. We defined arctan: R — R by

x
1
arctan(zx) := / du
0 14+ u?
(a) Does this extend to an entire function? Either compute the power series of this function or all

of its Laurent series at 0.

Hint: You need not calculate derivatives. 117(1 =...

Solution: If A € O(C) were such an entire extension, then A’ and h(z) = 75 would be
holomorphic on C \ {—i,+i} which coincide on R. By the identity theorem, we would have
A" = hon all of C\ {—i,+i} and therefore A" would have a pole at i (and one at -i), impossible
for the derivative of an entire function.



The Laurent series of f(z) = —— around 0 are

1+
=) (=) =) (=D for |2 <1
k=0 k=0
and
1 1 1 < - k., —2k
1+22:?1 ——QZ —Z(—l)z for |z| >1.
k=0 k=1

(b) Let U=C\ {(1—t)i|t € R} and F € O (U) be so that

forall zeU.

m
F(1) = arctan(1) = 1 and F'(z) = e

Compute F(—1).
Solution: The set U is star shaped, center 2i, because if u € U, then the segment [u, 2i] C U.
Thus U is a simply connected domain and h(z) = 75z is holomorphic on U. We therefore have

F(z)—F(1) = f iz dz for all curves : [0, L] — U with v(0) = 1 and (L) = —1. We use
the concatenatlon v = a* ( * 3 where

a(t)=1—t for te]0,1]
((t)=i+e" for —7/2<t<3n/2
p(t)=—t for tel0,1]

Pt /szz/%// (L)1

1 1
SR 7{ dz
2 omil=1 2 T 12— 1

This gives

T 1 7{ 1
S X dz
2 oz, lo—ij=1 £ — ¥

T 1 T
=——+4+ = X2m ==
5 T Xy
R
¢
L 7]
B a "

The curves «, 3, v
31. Is there a closed continuous curve «: [0, 1] — C with infinitely many winding numbers, i.e. so that

{w(y,a) |a € C\ ~([0,1])} is infinite?



32.

33.

Solution:
oy lelﬁm’(t—?;/zl)

P N 3
t) = dmit - 8mi(t—1/2)
W(t) =T 5+ ge >

1 1 i7r2"+2(t—1+i . 1 1
(t) (1 ) + —e 27) if 1 3m t<1 STl
1

2" 2n
iftt=1

Show that for every p,q € C, R > r > 0, so that R > r+ |p — ¢| there is p € [0, 1] so that the domain

G = Bg(p) \ B,(g) is biholomorphically equivalent to {z € C| p < |z] < 1}.

Hint: Mobius transformations map circles to circles.

Solution: The condition on the radii means that B,(¢) C Bg(p). The map

G = E\Byr((¢—p)/R) , 2= (2-p)/R

is biholomorphic. We can therefore assume that ¢ = 0, Bgr(p) = E D B,(q). If ¢ # 0, then for
t €[—1/1q|,1/ |q|], consider the the Mobiustransform wy, with

(2) z —1q
Wyy(2) = ————
ta —tgz +1
as in Lemma The center of w,(B,(r)) depends continuously on ¢, always lies on Rg, and is
equal to ¢ for t = 0 and —1 for t = —1/|q|. By the intermediate value theorem, it is 0 for some
t€[0,1/q]l.
Comput / T

ompute —— dz.

PR ) v Ve

Solution: We can extend the square root to the closed upper half plane without 0. The integrand
f(2) then satisfies f(—z) = —if(z). By definition

/000 f(z) dr = lim f(x) dz .

To close the path of integration we use the curves

)
y=Te" | te|0,7]
wr(t) =—t , tel/T,T]
)

et . telo,7]

Then the concatentation
i :’YT*OéT*w;l *ﬂfl

is closed. For T' > 1 the path pur surrounds the only singularity of the integrand f(z) with winding
number
w(:uTv Z) =1.

The residue of f there is

Res<;'2—2>—Res< L LL'z—i>— !
(142227 ) ctivze—i " ) 2ii




34.

35.

36.

Thus construction gives a

27riRes(f;i)— 7 hqu{ f(z

T—o00

:lim/ f(z dz+11m f()dz—hrn flz dz—hm/ f(z) dz .
T—o00 CYT WT T—o0

:0 =1 ‘]"YT f

Solving this for the integral over ~ gives

> 1 T ™
dr =1 —=—
/0 (1 + 22)\/x T ngo/ J(= —ii V2
Find a biholomorphic map C\ {i + 3t |t € [0,1]} — E\ {0}.

Hint: Of course the specific nature of the segment removed from C is irrelevant here.

Solution: We do this in a number of steps:

C\{i+3t|te[01]} —25 e\ ftte [0,1]) =2 C\ (RE U{-1})

Z'—M/ga \/jl:i H \ {Z} z'_)z+i E \ 0 .

Let U C C be a domain and f € O (U) be non-constant. Let K C U be compact with non-empty
interior .
k= U V.
VCK,V open

Assume that |f] is constant on the boundary 0K = K\ K. Show that then f must have a zero in
K.

Solution: The function |f| is continuous and therefore has extrema on the compact set K, say
[f (ko) < [f(R)] < [f(R1)] forall ke K.

By the open mapping theorem, the function f: K — C is open. The modulus function |-| : C — R
is open on C \ {0}, hence the composition |f| is open on K\ f~1(0).

If f has no zero on K, then |f| (interior K') must be an open subset of [|f(ko)|,|f(k1)|], hence can
not contain |f(ko)|, |f(k1)|. Thus ko, ks € OK. But |f]| is constant on 0K, hence

|[f(EB)| = |f(ko)| = |f(k1)| =: ¢ forall keK

In particular f(K) C ¢S'. By assumption interior K # ). Again by the open mapping theorem,
f(interior K) is a non-empty open subset of C, but as such can not lie in ¢S*, the interior of this set
being emtpy.

Let f € O(C) be non-constant and ¢ € RT. Show that

{zeCllfG)l <t ={z€C||f(D) <} . (13.4)

Solution: Clearly {z € C| |f(2)] < ¢} is contained in both sets. The closure of a set A is contained
in every closed set containing the set A. Since the right hand set in ((13.4) is closed, this proves one
inclusion.



37.

38.

39.

40.

By the open mapping theorem, |f|: C — Ry is open. Thus if |f(2)| = ¢ > 0 for some z; € C,
then every neighbourhood U of 2y is mapped to an neighbourhood |f(U)| of ¢ in R, i.e. every
neighbourhood U of zj intersects {z € C| |f(2)] < ¢}.

If X is any topological space and A C X then 2 € A if and only if every neighbourhood of x intersects
A.

Let p € Clz] be a polynomial and ¢ € RT. Show that
#mo({z € C| |p(2)| < ¢}) < degreep .

Hint: For a topological space X. m(X ) denotes the set of path components of X. A path component
of X is a maximal path connected subset of X.

Solution: Let p be a non-constant polynomial. Let Y € my{z € C| |p(z)| < ¢}. Then Y is open,
and, since lim,_,, p(z) = oo, Y is bounded. It follows that Y is compact. By problem E Ip(2)| = ¢
for all z € Y =Y \ Y. By problem |35, p has a zero in Y. We thus have shown that p has a zero in
each component of Y. Consequently the number of components is less than the number of zeros of
p which is less than the degree of p.

Find a biholomorphic map
G={z+iy|lzeR,ye(0,2r)} - E=DB(0) .
Solution: The exponential map takes G to C\ RJ. The square root function with v/i = % maps

this domain to the upper half plane, which is biholomorphically equivalent to the disc by the Cayley
transform. Thus a biholomorphic map ¢: G — E as required is given by

z/2 _ ;
e 1

Show that a holomorphic map f: H — H = {z € C|3(z) > 0} with two fixed points is the identity.

Solution: Conjugating such a map with the Cayley transform gives a map g =co foc ': E - E
with two fixed points. By conjugating again with a Mobius transform if needed we can assume that
one of the fixed points of g is 0. By the Schwarz Lemma g must then be the identity.

Compute
* WVt

Coire

Hint: The picture for this problem is below. The square root on the curves v and 4 is not the same!
The integrand extends meromorphically to the region surrounded by 7, * 3, x 0, ' * a."!. Show that
the contributions of the integrals over o, and [, become negligible as r — co. What is the relation
of the integrand on v to that on 67

Solution: We use the curves



Since the integrand is bounded near zero, lim, ., fa H% dz = 0. Since the integrand satisfies

\/E S'Z‘_3/2,
1+ 22
/ vz dz §27r7"><r_3/2H—°o>0.
1+ 22

On 9, we need to use the extension of the square root. Thus

/ \/Z dz:—/ \/E dz
6r1+22 ,yr].‘i‘ZQ

By the residue theorem, for r > 1,

]{ £2dz:2m' <Res (%;222) + Res (%;z:—i))
fyr*ﬁr*éfl*afl 1+2 1+2 1+ 2

1+1 —1 4
:27m'< g _H):m/i.
22\/§ —2@\/5

Br




41. Let v be the simple curve as shown in the picture. Compute the integrals

@ ]{COS(Z/Q)
—dz,

sin(z)

7{%(&.

(b)

Solution: The singularities, winding numbers and residues are

Singularity | Pole order | winding number | Residue(41al) | Residue(41b))
—T 2 1 0 52
0 0 3 1 0
+7 1 2 0 2

(z +m)?2

22(z —m) Ly i
o (etm)” = ( (sin(2) 2

(sin(z))? dz

—7(2*(z — W))) X

Z=—T

Res (%z = —w) = (3n% 4 27%) x 1 = 577 .

By the Residue Theorem the integrals are

(a) %Md,z:%rix(lx?)):&m’

sin(z)

(sin(z))?

42. Compute the integral

2(,
(b) fM dz = 2mi x (1 x 51° + 2 x %) = 14n’,
Y

7{ © dz
, sin(7z) cos(imz)

where 7 is as shown in the picture.




N7 A
NV
:2Z \\ /

Hint: If f is odd, i.e. f(2) = —f(—z), or even, i.e. f(z) = f(—z), what is the relation between the

residues Res (f, ) and Res (f, —p)? Check your answer to this against f(z) = i!

What is the relation between Res (f(az),z = 0) and Res (f(2),z = 0)?
You do not need to work out all the singularities in this problem!

Solution: Since
2isin(z) =e* —e ¥ =0

if and only if €* = £1, z € 7Z and
2cos(z) =e“+e =0

if and only if € = +i, z € 5 +mZ, the integrand has simple poles at Z U1 (% + Z). The singularities
surrounded by v are
I - 1
-1,0,1, =, —=, ——
? ) Y 2 Y 2 Y 2
The singularity at 0 is removable. The integrand is even and therefore has opposite residues at
opposite points. All singularities have winding number 1 with exception of —1 where it is 2. Thus

we only need the residues

—1 1
Res | — : —2=—1)=———Res | ————;2=—1
sin(mz) cos(inz) cos(—im) sin(mz)

I
~ cos(im) T
1 2

mweos(im)  mw(e ™ +e™)

. 3 .
- 1
Res<‘ : - ;z:—§>:ﬁRes(—,;z:—%)
sin(mz) cos(imz) 2 sin(—=3*) cos(imz) 2

3 . .
3 —1 31

sin(25%) 7 (e — e3n/2)

and the integral is 27¢ times the sum of these.

43. Let G, F C C, G, F # C be simply connected domains and h, h: G — F be biholomorphic. Assume
that there is x € G so that

(a) h(z) = h(z) and



(b) W(z)/W(z) e RT.

Prove that h = h.
Hint: State the Riemann Mapping Theorem and the Schwarz Lemma.

Solution: By the Riemann Mapping Theorem, there is a biholomorhic map ¢: F — [E. Since the
group of biholomorphic self maps of E acts transitively on E, we can assume ¢(h(z)) = 0.

U:=¢ohohlogpg :E—E

is biholomorphic and ¥(0) = 0. Then by the Schwarz Lemma, ¥ is a rotation, i.e. U(z) = ¥'(0)z
for all z € E and |¥'(0)| = 1. By the chain rule,

V'(0) = ¢/ (h(x)) x W(x) x (A7) (h(2)) x (¢71)"(0)

= ¢'(¢71(0)) x W(x) x (h™") (h(x)) x (¢7")(0) = /() /W' (z) € R*
by assumption. It follows that ¥/(0) = 1, ¥ = idg, hence hoh™ =idp, h = h.
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