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Lecture 1
Chapter 1 — Definition and Examples.

Section 1.1 — A little bit of history of group theory.

Galois is considered the founder of group theory around 1832. The ideas in group theory
have turned out to be very powerful in solving many important problems in mathematics,
science and other areas.

Section 1.2 — Definition of a Group.

Remark 1. We will motivate the definition of a group by looking at two examples first.
Example 1. Consider the set of integers: Z = {...,—-2,—-1,0,1,2,3...}.
Note the following four facts:

i)a+beZ, ¥V a,beZ

(i) a+0=a, V acZ

(iii) For every a € Z, there exists b € Z such that a +b =0
(iv)a+(b+c)=(a+b)+¢c, V a,bce’Z

Example 2.

Consider the set of non—zero real numbers: P = {x € R: z # 0}.

Note the following four facts:

(i)abe P, V¥ a,be P

(iil)al=a, ¥V a€P

(iii) For every a € P, there exists b € P such that ab =1

(iv) a(bc) = (ab)e, Y a,b,c€ P

Definition 1.

Suppose we have a set S with an operation * which acts on pairs of elements a,b € S to
create a x b. We say that S is closed under * if

axbe S, V a,be S
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Remark 2.

Fact (i) in example 1 shows that Z is closed under addition. Fact (i) in example 2 shows
that P is closed under multiplication.

Example 3.

Give an example of a set K (where K is a subset of Z) such that a+b ¢ K, for some a,b €
K.

Solution.

We can take K = {x € Z : 1 < z < 10} and see that 3 4+ 8 ¢ K, with 3,8 € K. This
example shows that K is not closed under addition.

Definition 2.
Suppose S is a set. Then, S x S = {(a,b) : a,b € S}.
Definition 3.

Suppose S is a set and f is a function such that f: .S xS — S. Then f is called a binary
operation on S.

Example 4.

From example 1 we see that addition is a binary operation on Z because

+: L XL —Z

(a,b) > a+b
Similarly, from example 2(i) we see that multiplication is a binary operation on P. From
example 3 we see that addition is not a binary operation on K.
Remark 3.

Note that by using definitions 1 and 3 we see that S is closed under the operation * <= x
is a binary operation on S.

Remark 4.

Suppose S is a set and * is an operation. Then, the notation (5, *) means that we consider
S with the operation *. The reason for this notation (.5, *) is because when we define a
group later, it will be important to know what operation we are considering.

Definition 4.

Suppose S is a set that is closed under the operation *. If there exists e € S such that
axe=a=ex*xa, V a€S
then e is called an identity element of (S, *).
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Remark 5.

In definition 4 it’s important to know which operation we are considering because an
element of a set S may be an identity under one operation but not under a different
operation. For example, 0 is an identity of (Z,+) because 0+a=a=a+0, V a € Z,
but 0 is not an identity of (Z, x), where x denotes the usual multiplication operation on
Z, because 0 x 1 # 1.

Definition 5.
Suppose S is closed under * and suppose e is an identity element of (S, *). Suppose a € S.
If there exists b € S such that

axb=e=bxa

then b is called an inverse of a.
Definition 6 — Definition of a Group.

Suppose S is a non—empty set. Then (S, *) is called a group if the following conditions are
satisfied:

(i)axbe S, ¥V a,be S

(ii) There exists e € S such that axe=a=ex*xa, V a€S.
(iii) If @ € S, then there exists b € S such that a xb=e =bx*a.
(iv) (axb)xc=ax(bxc), ¥V a,b,c€S.
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Example 5.

We see that (Z,+) is a group from example 1 where + denotes the usual addition in Z,
because conditions (i), (ii), (iii) and (iv) in example 1 give us conditions (i), (ii), (iii) and
(iv) in definition 6.

Similarly, (P, x) is a group from example 2 where x denotes the usual multiplication in
the reals,

Remark 6.

In definition 6, (i) means that S is closed under *, (ii) means that there exists an identity e
of (S, *) and (iii) means that b is an inverse of a. We say that the operation * is associative
if condition (iv) in definition 6 is satisifed.

Example 6.
Is (Z, x) a group where x denotes the usual multiplication in Z?
Solution.

No, and here is a proof. First note that 1 is an identity element of (Z, x) because 1 x a =
a=ax1,forall a € Z. Now, 2 has no inverse because there is no b € Z such that 2xb = 1.
So, condition (iii) in definition 6 is not satisfied and hence (Z, x) is not a group.

Remark 7.
Notice that (Z,+) is a group but (Z, x) is not a group.
Definition 7.

A group (G, %) is called abelian if axb =bx*a, V a, b € G. If a group is not abelian,
then we call it non—abelian.

Example 7: Z,,, the set of integers modulo m.
Suppose m is an integer and m > 2. Recall the set of integers modulo m denoted by Z,,.

For us here we will think of Z,,, as the set
Loy, =40,1,2,...,m — 1}

with the operation of addition (mod m), denoted by *, which means that if a,b € Z,,,
then a x b is defined to be the remainder when the usual sum of a and b is divided by m.
So, axb € Zy,.

It’s important to note that the elements of Z,, are not ordinary integers because, for
example, in Zs = {0, 1,2, 3,4} we have that 2+ 4 = 1 because 1 is the remainder when the
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usual sum of 2 and 4 is divided by 5. Notice also that addition (mod 5) in Zs is different
from the usual addition in Z because again 2 x4 = 1 in Zs.

One can show that (Z,,, *) is a group, for m > 2, as follows:

(i) axb € Zy,, V a,b€ Z,, as mentioned above.

(ii) 0 is an identity element in (Z,,, x), because 0 xa =a=a*x0, V a € Z,,

(iii) If a € Z,,, and a # 0, then m — a € Z,, is an inverse of a because a * (m —a) =0 =
(m — a) * a. Note that 0 is an inverse of 0.

(

iv) One can check that

(axb)yxc=ax(bxc), ¥V a,bc € Ly

So, the 4 conditions in definition 6 are satisfied and hence (Z,,, *) is a group for m > 2.

Note that * above, for addition (mod m) on Z,,, is usually just written as + as long as
there is no confusion with ordinary addition in Z. So, we can now write that 2 +4 =1 in
Zs and also say that (Z,,,+) is a group for m > 2. We will assume the operation on Z,,
is addition (mod m) unless otherwise stated.

Remark 8.

Suppose (G, ) is a group and z,y € G. For convenience of notation we will often write
T x Y as Ty.

Furthermore, for convenience of notation, we will often just say ’suppose G is a group’
instead of saying ’ suppose (G, x) is a group’. However, it should always be clear what
operation we are considering when we are working with a group.

Lemma 1.
Suppose G is a group. Then G has a unique identity element.
Proof.

Suppose that e and f are identity elements of G. Then, ef = e and ef = f andso e = f
and we are done.

Lemma 2.

Suppose G is a group and x € GG. Then x has a unique inverse. The unique inverse of x is
denoted by =~ 1.

Proof.

Suppose that y and z are inverses of x. Also, suppose e is the identity element of G. Then
ry=e=yx and xz=e=2zx
Now, (zx)y = z(xy) = ze = z. Also, (zx)y = ey = y. Hence, z = y and we are done.
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Example 8.
271 = 3 in Zs because 2 + 3 = 0 in Zs.
Remark 9.

We will introduce some notation here. Suppose G is a group with identity element e.

Suppose a € G. We can write the element aa as a?. Similarly, we can write a?a as a>.

In the same way, for a positive integer n, we can write aaa . ..a (where a appears n times
here) as a™. Note that this also means that a' = a.

We define a° to be e.

Also, if t € Z and t < 0, we define a® to be the inverse of a~* which makes sense because
—t is a positive integer. Thus a' is defined to be (a=*)~1.

In this way, we have now defined a” where r is any integer.
Definition 8.

Suppose G is a group with identity element e. Suppose a € G. The order of a is the least
positive integer k such that a* = e. If there is no positive integer r such that a” = e, then
we say that the order of a is infinity (denoted by co). We denote the order of a by o(a).

Example 9.

Find the order of each element in Zg.
Solution.

Zs ={0,1,2,3,4,5} and 0 is the identity in Zg.
Note that 0! = 0 so o(0) = 1.

Note that if a € Zg and n is a positive integer, then from remark 9, a™ means a + a + a +
-+ + a, where a is added (mod 6) to itself n times here.

Now 0(2) = 3 because
21 =940, 22=242=4+#0, 22°=2+24+2=0

So, 3 is the least positive integer k such that 2¥ = 0 and so o(2) = 3.

Similarly, o(3) = 2 because
3'=3+#£0, 32=3+3=0

So, 2 is the least positive integer k such that 3 = 0 and so o(3) = 2.
Similarly, o(4) = 3, o(5) = 6 and o(1) = 6 and we are done.
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Example 10.

Consider the group Z with the operation of usual addition and consider 2 € Z. Then
0(2) = oo, because there is no positive integer r such that 2" = 0. Note that 2" here means
242+ 24 -+ 2, where 2 is added to itself r times.

Definition 9.

Suppose G is a group. Then the order of GG is defined to be the number of elements in G
and is denoted by |G].

Example 11.

(i) |Zm| = m, for m > 2.
(ii) |Z| = oo.

Example 12.

For n > 2, suppose T,, denotes that set of invertible n x n matrices with real entries. We
will now prove that T,, (with the operation of usual matrix multiplication) is a group, for
n > 2. This group T, is also denoted by GL(n).

Proof.

First note that T,, is non—empty because the identity n x n matrix, I,, is an element of
T,,. Recall that I,, is the n x n matrix with 1 everywhere on the main diagonal and zero
everyewhere else.

(i) AB € T, for all A,B € T, because the product of two invertible matrices is an
invertible matrix. So, conditon (i) in definition 6 is satisfied.

(ii) I,A = A= Al,, for all A € T}, and so condition (ii) in definition 6 is satisfied.

(iii) Recall from linear algebra that if A € T;,, then A has a (matrix) inverse denoted by
A7l such that AA=! = I, = A='A. Note that A~ € T}, and so condition (iii) in definition
6 is satisfied.

(iv) (AB)C = A(BC), for all A, B,C € T,, and so condition (iv) in definition 6 is satisfied.
So, all four conditions in definition 6 are satisfied and hence 7T;, is a group for n > 2.
Example 13.

GL(2) is a non—abelian group.



Proof.
Consider the two matrices, A, B € GL(2) where

=) =V )
a=(V5)  m=( )

So, AB # BA and hence GL(2) is a non—abelian group.
Remark 10.

Then,

Suppose G is a group and x € G. Then, "% = 2"z, for any integers, r,s. Also,
(z")% = 2%, for any integers, r, s.

Lemma 3.

Suppose G is a group with identity element e and suppose x € G. Suppose o(x) = k,
where k is finite, and suppose " = e. Then n = rk, for some integer r.

Proof.
If we divide k into n, then we will get that

n=qk+s, where ¢,s€Z with 0<s<k
Now,
g = gt = gtk = (2F)92° = el2® = ex® = 2
So, 2° = e and hence s = 0 because k is the least positive integer such that z* = e. So,
we have n = ¢k, for some integer ¢ and we are done.
Lemma 4.

Suppose G is a group and x € G with o(z) = k, where k is finite. Then,

B k
~ ged(k,m)

o(z™)

where m € Z and m > 0 and ged(k, m) denotes the greatest common divisor of k and m.
Example 14.

Consider 0 € Z and let S = {0}. Then, S is a group with the usual addition.

Consider 1 € Z and let L = {1}. Then, L is a group with the usual multiplication.
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Note that both groups L and S contain exactly one element each. It turns out that all
groups which contain exactly one element can be considered essentially to be the same
because if ({y}, *) is any group that contains exactly one element y, then we have

y*xy =1y, y is the identity element in the group and y 1=y

Any group that contains exactly one element is called the trivial group. Also, if a group
contains more than one element, then it’s called a non—trivial group.

Section 1.2 — Subgroups.

Definition 10.

Suppose (G, *) is a group and H is a subset of G. Then, we say that H is a subgroup of G
if (H, ) is a group. Note that here the operation on H is the same as the operation on G.

Example 15.

(Z,+) is a subgroup of (R,+), where R denotes the set of real numbers and + is usual
addition.

Remark 11.

From now on, when we consider Z as a group, we wll always be using the operation of
usual addition, unless otherwise stated.

Example 16.

Consider the group Zg.

(a) Is H = {0, 3} a subgroup of Zg?

(b) Is W = {0, 1,3} a subgroup of Zg?

Solution.

(a) Yes, and here is a proof: H is non—empty and:

(i)a+be H, for all a,b € H.

(i) 0+a=a=a+0,forallac H.

(iii) If @ € H, then there exists b € H such that a+b=0="b+a.
(iv) (a+b)+c=a+ (b+c), for all a,b,c € H.

So, all the conditions in defintion 6 are satisfied and hence H (with the operation +) is a
group and so H is a subgroup of Zg.

(b) No, and here is a proof: Condition (i) in definition 6 is not satisfied because 1 +3 ¢ W
with 1,3 € W. Hence, W is not a group (with the operation +) and so W is not a subgroup
of Zg.

Example 17.

Suppose (G, x) is a group with identity element e. Then (G, x) itself is a subgroup of (G, *).
Also, the trivial group ({e}, *) is a subgroup of (G, *).
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Proposition 1.
A non-empty subset H of a group G is a subgroup of G <= ab~! € H, foralla,b € H.
Proof.

We first prove the = part: H is a group and so b=' € H and hence ab~!' € H and so we
have proved the = part:

We next prove the <= part: Our aim is to show that H is a group and we will do that
by showing that the four conditions of definition 6 are satisfied for H. Suppose e is the
identity element of G. Suppose x € H. Then, zz~! € H and so e € H. Hence, H has an
identity element and condition (ii) in definition 6 is satisfied.

Next, suppose y € H. Then, ey~ € H and so y~! € H. Hence, condition (iii) in definition
6 is satisfied. Now, suppose v, w € H. Then

wlreH = vw ') 'eH = vwe H

and so condition (i) in definition 6 is satisfied.

Finally, (zy)z = z(yz), for all z,y,z € H and so condition (iv) in definition 6 is satisfied.
So, overall H is a group and hence H is a subgroup of G. So, we have proved the < part
and we are done.

Example 18.

Consider the group Z. Suppose H is the set of even integers. Then, H is a subset of Z. Is
H a subgroup of Z7

Solution.

Yes, and here is a proof: Note that if a,b € H, then ab~! = a—b € H and so by proposition
1 we get that H is a subgroup of Z.

Theorem 1.

Denote the set of positive integers (or natural numbers) by N and so N = {1,2,3,...}.
Then, the non—trivial subgroups of Z are nZ, for n € N, where nZ is the set of integer
multiples of n, i.e.

nZ={...,—2n,—n,0,n,2n,3n,...}
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Proof.

Suppose H is a non—trivial subgroup of Z. Then, H must contain a smallest positive
number ¢t. Now, tZ is a subset of H. We will prove that H is a subset of tZ and hence we
will have that H = tZ and we will be done.

Consider m € H. Then, if we divide ¢ into m we get that
m =kt+r, where k, reZ with 0<r <t

Now, r = m — kt € H and so » = 0 because t is the least positive number in H. Thus,
m = kt and so H is a subset of tZ. Hence H = tZ and we are done.

CHAPTER 2 — Permutation Groups.
Section 2.1 — Definition and Examples.

Definition 1.
(i) Suppose X and Y are sets and f: X — Y is a function. Then, f is called 1 — 1 if

a#b = f(a) # f(b), for a, be X

(ii) Suppose X and Y are sets and f : X — Y is a function. Then, f is called onto if
ze€Y = z=f(w), forsome weX

Definition 2.

Suppose X and Y are sets and f: X — Y is a function. Then, f is called a bijection if f
is 1 — 1 and onto.

Definition 3.

Suppose V' is a non—empty set and f : V — V is a bijection. Then, we call f a permutation
of V. Denote the set of all permutations of V' by Sym(V).

Theorem 1.

Suppose W is a non—empty set. Then, Sym(W) (with the operation of composition of
functions) is a group.

Proof.
First note that Sym(W) is non-empty because I € Sym(W) where I is the function

I-wW—-Ww

T —T



Suppose f,g € Sym(W). Denote the composition f after g by f o g. This means that
(fog)(x)= f(g(zx)), for x € W. Note that fog e Sym(W), for all f,g € Sym(W) and
so condition (i) in definition 6 in chapter 1 is satisfied.

Note that I above will be an identity element of Sym(W') because I o f = f = fo I, for
all f € Sym(W) and so condition (ii) in definition 6 is satisfied.
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Continuation of the proof of Theorem 1.

If f € Sym(W), then the inverse function f~! is an element of Sym(W) and we have
fof~'=1I=f"1of. So, condition (iii) in definition 6 is satisfied.

Finally, we have that
(fog)oh=fo(goh), forall f, g, h,€Sym(W)

and so condition (iv) in definition 6 is satisfied. Hence, Sym(W') (with the operation of
composition of functions) is a group.

Definition 4.

Suppose n € N. The symmetric group (on n symbols) is denoted by S,, and is defined by:
Sp =Sym(W), where W ={1,2,3,...,n}

Remark 1.
Note that the elements of S,, are the permutations of {1,2,3,...,n}.
Remark 2.

We will now discuss some notation. Consider the function
a:{1,2,3,4} — {1,2,3,4}

where o(1) =4, a(2) =3, a(3) =1, a(4) =2.

Then, a € Sym(W), where W = {1,2,3,4} and so a € Sy. For convenience of notation,
we denote the permutation « by

(133 e

where this notation means that « takes a number in the top row to the corresponding
number directly below it in the bottom row. It’s important to note that the notation in
(x) above does not correspond to a matrix. Another example of this notation in (x) is
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1 2 3 4
b= (3 4 2 1)
which means that g is the permutation in Sy given by
Bg:{1,2,3,4} — {1,2,3,4}

where §(1) =3, 8(2) =4, B(3) =2, g(4) =1.

In the same way, we can represent any permutation in Sy using the same type of notation

as (x).

Example 1.
Suppose
1 2 3 1 2 3 .
“‘(4 3 2 1) andﬁ_(za 4 2 1) i Sy
Then,
1 2 3 4 1 2 3 4
O‘Oﬁ_(432 1)0(342 1) ()
(1 2 3 4
~\2 1 3 4
Remark 3.

From now on we will omit the o symbol in (x) in example 1 and so

G—aog and (123 4)(1 23 4y _(1 23 4\ (1234
ap=a an 43 2 1/)\3 4 2 1) \4 3 21 3 4 2 1

Example 2.

(1 2 3 4). . 1
Supposea—(4 1 9 3)1n54. Find ™.

Remark 4.



We will now discuss some notation. Suppose ki, ko, ..., ky € {1,2,3,...,n}, with k; #
k; for i # j. Then, (kikz...k,) denotes the permutation in S, that maps k; to kg,
ko to ki3, k3 to kg ....... kmm—1 to ky, and finally maps k,, to k1 and all other elements of
{1,2,3,...,n} are mapped to themselves.

Definition 5.

(i) (k1k2...kp) in remark 4, is called a cycle. The length of a cycle is the number of
elements in the cycle and so (k1ks ... k,,) has length m.

(ii) An m—cycle is a cycle of length m.

Example 3.

3 2 4 1
can be expressed as the cycle (134). Note that (134) is a 3—cycle.
Also, (134)(12) = (1234) and (134)~" = (143).
Note that (134) = (341) = (413).

In S the permutation (1 23 4)

Example 4.
(i) S2 ={I,(12)}, where I is the identity in Ss from Theorem 1. Note that So is abelian.

(i)

S—{123 1 2 3 1 2 3 1 2 3 1 2 3 123}
P-W1 2 3)°\2 1 3/)°\3 2 1)°\1 3 2/)'\(23 1)’\3 1 2

={1,(12),(13),(23),(123), (132)}

where I is the identity in S3 from Theorem 1. Note that |S3| = 6. Also, S5 is non—abelian
because

(12)(13) = (132) but (13)(12) = (123)
and so

(12)(13) # (13)(12)
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Theorem 2.
S,, 1s non—abelian for n > 3.
Proof.
Consider (12), (13) € S, for n > 3. Then, as in example 4 we have that (12)(13) # (13)(12)

and so S,, is non—abelian.
Theorem 3.

|Sn| = nl, for n > 2.
Proof.

The different elements of S,, correspond to the different ways of filling in the bottom row

of
(1 2 3 4 . . . 71)
So, there are n(n — 1)(n — 2)....3.2.1 = n! different elements in S,,.
Definition 6.
Two cycles are called disjoint if they have no elements in common.
Example 5.
(134) and (25) are disjoint cycles in S5. (134) and (12) are not disjoint cycles in Ss.
Example 6.

We know from theorem 3 that there are 24 elements in S; and here they are:

1,(12),(13),(14),(23),(24), (34),(123), (132), (124), (142), (134), (143), (234),

(243), (1234), (1243), (1324), (1342), (1423), (1432), (12)(34), (13)(24), (14)(23)

where [ is the identity element in S4 from Theorem 1.

Example 7.



Suppose a = 411 ; i’ ;l ;) in S5. Express a as the product (composition) of two
disjoint cycles.

Solution.

a = (143)(25), where (143) and (25) are disjoint cycles.

Theorem 4.

Every a € S,, can be expressed as a cycle or as a product (composition) of disjoint cycles.
Corollary 1.

Up to the ordering of cycles, there is only one way to express a permutation as a product
(composition) of disjoint cycles.

Example 8.

Consider the permutation « from example 7. Then, a = (143)(25). Also, a = (25)(143)
and there is no other way to express a as a product of disjoint cycles.

Definition 7.

Suppose G is a group and =,y € G. Then, we say that x and y commute in G if xy = yzx.
Theorem 5.

Suppose «, § are disjoint cycles in S,,. Then « and 8 commute in S,, i.e. af = Ba.
Proof.

The elements in o and § come from disjoint subsets of {1,2,3,...,n}.

Example 9.

In Sg, we have (12)(45) = (45)(12).

Lemma 1.

Suppose « is a k—cycle in S,,. Then, o(a) = k.

Proof.

Suppose @ = (b1bs....by). Then o = I, where I is the identity element in S,,. Also, k is
the least positive integer such that a* = I. Hence, o(a) = k.

Example 10.
Suppose a = (2351) in Sg. Then, o(a) = 4.
Theorem 6.

Suppose o = (152 . .. B¢, where B; and [3; are disjoint cycles for ¢ # j. Suppose o(f5;) = m;,
for 1 <i <t. Then, o(a) = lem {my,ma,..., ms}.

Example 11.
Suppose o = (12)(45)(367) in S7. Then, o(a) = lem {2,2,3} = 6.
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Remark 5.
A 2—cycle is also called a transposition.
Theorem 7.

Suppose a € S,, with n > 2. Then, « can be expressed as a product (composition) of
transpositions.

Proof.

We know from theorem 4 that o can be expressed as a cycle or product of disjoint cycles.
Now, any cycle (b1bs...bs) can be expressed as the following product of transpositions:
(b1b4)(b1bs—1) ... (b1b3)(b1b2). Consequently, o can be expressed as a product of transpo-
sitions.

Example 12.

Express o = (124)(356) in Sg as a product of transpositions.
Solution.

(i) (124)(356) = (14)(12)(36)(35).

Theorem 8.

Suppose a € S,,. Suppose o = (132...8,, and a = 0103 ...0%, where all the 3; and o;
are transpositions for 1 <¢ <m, 1 < j < k. Then, m and k are either both even or both
odd.

Example 13.

Note that o = (124)(356) in S¢ in example 12 can also be expressed as the following
product of transpositions: (14)(13)(13)(12)(36)(35) because (13)(13) = I, where I is the
identity in Sg. So, o can be expressed as the product of four transpositions (as in example
12) and also as the product of six transpositions.

Definition 8.

(i) a € S, is called an even permutation if it can be expressed as a product of an even
number of transpositions.

(ii) @ € 8, is called an odd permutation if it can be expressed as a product of an odd
number of transpositions.



Example 14.

Suppose a = (1245)(352) in Sg. Then, a = (15)(14)(12)(32)(35) and so « is an odd
permutation.

Remark 6.

(i) Suppose G is group with identity e. If x € G with = # e, then we say that z is a
non—identity element.

(ii) If G is a group and |G| is finite, then we say that G is a finite group. If |G| = oo, then
we say that G is an infinite group.

Theorem 9.

Suppose A, = {a € S, : v is even} for n > 2. Then, A, is a subgroup of S,, and we call
A,, the alternating group.

Proof.

Suppose [ is the identity in S,. Then I = (12)(12) and so I € A, and hence A, is
non—empty.

Suppose «, 3 € A,,. Then, a = 0103 ...0%, where k is even and the o; are transpositions
for 1 <7 <k and also 8 = 172 ...7m, where m is even and the v; are transpositions for
1< <m.

Now note that

Bt =il = Y Ymet e

and so

Oéﬁ_l =0102...0Ym¥Ym—1---72M
which means that a3~! € A,,. So, by proposition 1 in lecture 4, we get that A, is a
subgroup of S,,.
Theorem 10.

|
|A,| = %, for n > 2.

Proof.
Suppose «, 8 € A, with a # . Then, (12)a # (12)5 with (12)a and (12)8 both odd

permutations.

Also, suppose 7,0 are odd permutations in S,, with v # o. Then, (12)y # (12)c with
(12)y and (12)o both even permutations.

Thus, the number of odd permutations in .S,, is equal to the number of even permutations

S, !
in S, and so |A,| = _| 2”| = %



Example 15.

|Ay| = 12.

Example 16.

(i) A3 ={I,(123),(132)}, where I is the identity in S3. Notice that As is abelian.

(ii) Notice that A4 is non—abelian because (123), (124) € A4 and (123)(124) # (124)(123).

Chapter 3 — Cyclic Groups.

Definition 1.

Suppose G is a group and L is a non-empty subset of G. Then, we say that L is a
generating set for G if

G={a{"25? --ain iz, € L, oy ==%1 for 1 <i<n, and n is any positive integer}

We also say that G is generated by L.
Remark 1.

Suppose L is a non—empty subset of a group G. Let L = {x~! : z € L}. Then, definition 1
is essentially saying that L generates G if every element of G' can be expressed as a product
of elements from L U L, where U here denotes the union of two sets.

Example 1.

{1} is a generating set for Z and {2, 3} is a generating set for Z.
Example 2.

{2} is not a generating set for Z.

Definition 2.

Suppose X is a generating set for a group G. Then, X is called a minimal generating set
for G if, by removing any element of X, the resulting set is not a generating set for G.

Example 3.

{1} is a minimal generating set for Z and {2, 3} is a minimal generating set for Z.
Example 4.

{1,2,3} is not a minimal generating set for Z.

Definition 3.

Suppose G is a group and suppose theres exists an 2 € G such that {x} is a generating set
for G. Then, G is called a cyclic group. We also say that G is generated by z and that x
is a generator for G.
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Example 5.
Z is a cyclic group because {1} is a generating set for Z. Also, 1 is a generator for Z.
Example 6.

Zy is a cyclic group because 1 € Z, is a generator for Z,. Note also that 3 € Z, is a
generator for Z,. However, 2 € Z,4 is a not generator for Zy.

Remark 2.

If G is a cyclic group and z is a generator for G, then G = {z* : k € Z}. Consequently,
every cyclic group is abelian.

Example 7.
Is S5 a cyclic group?
Solution.
No, because we know S3 is non—-abelian and hence by remark 2, S3 is not cyclic.
Definition 4.
Suppose G1 and G5 are groups. The product group is denoted by G; x G2 and is defined
as the set
G1 X Gy ={(z,y) : x € G1, y € Ga}
with the operation defined as

(x7y)<aab) = (.’ECL,yb), fOI‘ all (CC,:U), (aab) € Gl X GQ

Remark 3.

One can check that G; x G5 (in definition 4) forms a group under the given operation.
Note that the identity in G; x Gg is (e1, e2) where e; is the identity in G; and es is the
identity in G. The inverse of (x,y) in G1 x Ga is (z71,y71).

Example 8.

Suppose the groups G; and G5 in definition 4 are both Z. Then, we have the product
group Z x 7. Recall that the operation on Z is the usual addition which we will denote by
+. For convenience we will also denote the operation on Z x Z by + and so we have

1



(z,y) + (a,0) = (x + a,y +b), forall (2,y), (a,b) € ZxZ (*)
Note that the + on the right hand side of = in (*) denotes the usual addition in Z whereas
the 4 on the left hand side of = in (%) denotes the operation on Z x Z.

For example,
(3,-2)+ (4,1)=(3+4,-2+41)=(7,—-1)

Example 9.

Z x Z (from example 8) is an abelian group.
Example 10.

7Z x 7. is not a cyclic group.

Proof.

We will prove this by contradiction. So, suppose Z x Z is a cyclic group. Then (a,b) is a
generator for Z x Z for some (a,b) € Z x Z.

Hence, by remark 2, Z x Z = {(a,b)* : k € Z}. Now, for convenience, we will write (a, b)"
as k(a,b) because the operation on Z x Z is the + operation in example 8. For example,
(3,—4)? = (3,—4) + (3, —4) = 2(3, —4).

Now, (1,0) = k(a,b) = (ka, kb), for some k € Z. Hence, 1 = ka and 0 = kb. So, b = 0.
Now, we also have (0,1) = ¢(a,b), for some ¢ € Z, which implies 1 = ¢b = 0 which is
impossible.

So, our supposition that Z x Z is a cyclic group is false and thus Z x Z is not a cyclic
group.
Example 11.

Note that X = {(1,0), (0,1)} is a generating set for Z x Z because if (a,b) € Z x Z, then
(a,b) = a(1,0) +b(0,1) = (1,0)%(0,1)°

Also, X is a minimal generating set for Z x Z because {(1,0)} is not a generating set for

Z x 7 and {(0,1)} is not a generating for Z x Z.

Example 12.

In Z x Z4 we have 0(0,1) = 4 and o(1,0) = oc.

Lemma 1.

(i) Suppose G; and Gg are both finite groups. Then, |G x Ga| = |G1||Ga|.

(ii) Suppose at least one of the groups G, G5 is an infinite group. Then, G; x G2 is an
infinite group.



Example 13.
|Ay X Zs| = 60 and A4 X Z is an infinite group.
Remark 4.

Suppose G is a group and suppose z; € G for 1 <i <n. Let X = {x1,22,...,2,}. Then,
the subgroup generated by X is denoted by < z1,x2,...,2z, > and so

< X1, Ty .oy >={27125% . 20" 1z, € X, oy = %1, for 1 < i <t andtany positive integer}

Remark 5.
(i) One can check that < x1,z9,...,z, > in remark 4 is a subgroup of G.

(ii) If G is a cyclic group that is generated by an element z, then we can now write
G=<uzx>.

Example 14.

7 =<1>.
Example 15.
In Z x Z we have < (1,0) >=Z x {0}

Chapter 4 — Lagrange’s Theorem.

Definition 1.

Suppose H is a subgroup of a group G and suppose © € G. We define the set *H as
follows:

eH={zy:yec H}

This set xH is a subset OE G and is called a left coset of H in (G. The set of all left cosets
of H in G is denoted by I

We also define the set Hx as follows:
Hr={yzx:yec H}

This set Hzx is a subset of G and is called a right coset of H in G.
Example 1.

Consider the group Zi5 and suppose H = {0,3,6,9}. Then, one can show that H is a
subgroup of Z15. We have the following left cosets of H in Zs:
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Example 1 continued

0H =H, 2H={2,58,11}, 3H=H

Notice that xH = Hx, for all x € Zq5 because Z5 is abelian.

Note that since the operation on Zs is addition (mod 12), then we can write x + y for xy,
where x,y € Z12 and so we can write 2 + H for 2H and get that 2 + H = {2,5,8,11}.

Example 2.
Consider the subgroup Ajs of the group S3. Then we have the following left cosets of As
in Sg:

Ay = As, (12)A4; = {(12),(23), (13)}, (123)4 = 4g

where [ is the identity in Ss.

Lemma 1.

Suppose H is a subgroup of a group G and suppose x € G. Then, tH = H <— x € H.
Proof.

Proof of =: Suppose e is the identity in G. Then, e € H. Now, x = xe € xH = H and so
x € H and we are done.

Proof of «: zH is a subset of H. Also, if z € H, then z = z2~ 'z € zH and so H is a
subset of zH. Hence, xtH = H and we are done.

Definition 2.

Suppose X is a subset of a group G. Then, the number of elements in X is denoted by
| X

Lemma 2.

Suppose H is a subgroup of the group G. Then, |[zH| = |yH|, for all z,y € G.
Proof.

It suffices to prove that |xH| = |H|, for all x € G. Now, note that

f + H—zxzH



k — xk

is a bijection and so |H| = |zH| and we are done.
Lemma 3.

Suppose H is a subgroup of a group G and suppose z,y € G. Then, either tH = yH or
xHNyH = ¢.

Theorem 1 — Lagrange’s Theorem.

Suppose H is a subgroup of a finite group G. Then, |H| divides |G|.

Proof.

First note that G = U yH. Then, apply lemma 3 to get that there are elements
yeG

r1,%2,...,T, in G for some positive integer n such that

G=xHUzxHU---Ux,H

where z; H Nx; H = ¢, for i # j.

Hence,

|G| = |e1 H| + |woH| + - - + [2n H]

=|H|+ |H|+ -+ |H|, where |H| appears n times here

= |H| divides |G|

and we are done.

Example 3.

Z11 has no subgroups except the trivial subgroup and the group 7Z; itself.
Proof.

If H is a subgroup of Z11, then by Lagrange’s theorem we have that |H| divides 11. Hence,
|[H| =1 or 11 and we are done.

Example 4.
S4 has no subgroup of order 5.

Proof.

If H is a subgroup of Sy, then by Lagrange’s theorem we have that |H| divides 24. Hence,
|H| # 5 and we are done.



Lemma 4.

Suppose G is a group and = € . Suppose H is the cyclic subgroup of G that is generated
by z,i.e. H =<z >. Then, |H| = o(z).

Proof.

Suppose e is the identity in GG. There are two cases to consider. The first is where G is a
finite group and the second is where G is an infinite group.

Case 1 — Suppose G is a finite group. Then H is a finite group. Now, H = {z* : k € Z}
and so there exists integers r,s such that " = z® with r > s. Hence 2"7° = e and so
o(x) is finite. Suppose o(x) = t, where t € N. Then, H = {e,z,z?,..., 271} and so
|H| =t = o(z) and we are done.

Case 2 — Suppose G is an infinite group. Then, either o(z) is finite or infinite. If o(z) is
finite, say o(z) = t, where t € N, then H = {e,z,2?%,...,2'71} and so |H| =t = o(z) and
we are done. Otherwise, o(z) is infinite and then H = {z* : k € Z} has infinitely many
different elements in it and so |H| = oo = o(z) and we are done.

Theorem 2.
Suppose G is a finite group and = € G. Then, o(x) divides |G|.

Proof. Proceed as in case 1 in the proof of lemma 4 to get that H =< x > is a subgroup
of G with |H| = o(x). Now, by Lagrange’s theorem, we have that |H| divides |G| and so
o(z) divides |G| and we are done.

Example 5.

711 has no element with order 5 because 5 does not divide 11.
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Chapter 1 — Definition and Examples.

Section 1.1 — A little bit of history of group theory.

Galois is considered the founder of group theory around 1832. The ideas in group theory
have turned out to be very powerful in solving many important problems in mathematics,
science and other areas.

Section 1.2 — Definition of a Group.

Remark 1. We will motivate the definition of a group by looking at two examples first.
Example 1. Consider the set of integers: Z = {...,—-2,—-1,0,1,2,3...}.
Note the following four facts:

i)a+beZ, ¥V a,beZ

(i) a+0=a, V acZ

(iii) For every a € Z, there exists b € Z such that a +b =0
(iv)a+(b+c)=(a+b)+¢c, V a,bce’Z

Example 2.

Consider the set of non—zero real numbers: P = {x € R: z # 0}.

Note the following four facts:

(i)abe P, V¥ a,be P

(iil)al=a, ¥V a€P

(iii) For every a € P, there exists b € P such that ab =1

(iv) a(bc) = (ab)e, Y a,b,c€ P

Definition 1.

Suppose we have a set S with an operation * which acts on pairs of elements a,b € S to
create a x b. We say that S is closed under * if

axbe S, V a,be S

1



Remark 2.

Fact (i) in example 1 shows that Z is closed under addition. Fact (i) in example 2 shows
that P is closed under multiplication.

Example 3.

Give an example of a set K (where K is a subset of Z) such that a+b ¢ K, for some a,b €
K.

Solution.

We can take K = {x € Z : 1 < z < 10} and see that 3 4+ 8 ¢ K, with 3,8 € K. This
example shows that K is not closed under addition.

Definition 2.
Suppose S is a set. Then, S x S = {(a,b) : a,b € S}.
Definition 3.

Suppose S is a set and f is a function such that f: .S xS — S. Then f is called a binary
operation on S.

Example 4.

From example 1 we see that addition is a binary operation on Z because

+: L XL —Z

(a,b) > a+b
Similarly, from example 2(i) we see that multiplication is a binary operation on P. From
example 3 we see that addition is not a binary operation on K.
Remark 3.

Note that by using definitions 1 and 3 we see that S is closed under the operation * <= x
is a binary operation on S.

Remark 4.

Suppose S is a set and * is an operation. Then, the notation (5, *) means that we consider
S with the operation *. The reason for this notation (.5, *) is because when we define a
group later, it will be important to know what operation we are considering.

Definition 4.

Suppose S is a set that is closed under the operation *. If there exists e € S such that
axe=a=ex*xa, V a€S
then e is called an identity element of (S, *).

2



Remark 5.

In definition 4 it’s important to know which operation we are considering because an
element of a set S may be an identity under one operation but not under a different
operation. For example, 0 is an identity of (Z,+) because 0+a=a=a+0, V a € Z,
but 0 is not an identity of (Z, x), where x denotes the usual multiplication operation on
Z, because 0 x 1 # 1.

Definition 5.
Suppose S is closed under * and suppose e is an identity element of (S, *). Suppose a € S.
If there exists b € S such that

axb=e=bxa

then b is called an inverse of a.
Definition 6 — Definition of a Group.

Suppose S is a non—empty set. Then (S, *) is called a group if the following conditions are
satisfied:

(i)axbe S, ¥V a,be S

(ii) There exists e € S such that axe=a=ex*xa, V a€S.
(iii) If @ € S, then there exists b € S such that a xb=e =bx*a.
(iv) (axb)xc=ax(bxc), ¥V a,b,c€S.
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Example 5.

We see that (Z,+) is a group from example 1 where + denotes the usual addition in Z,
because conditions (i), (ii), (iii) and (iv) in example 1 give us conditions (i), (ii), (iii) and
(iv) in definition 6.

Similarly, (P, x) is a group from example 2 where x denotes the usual multiplication in
the reals,

Remark 6.

In definition 6, (i) means that S is closed under *, (ii) means that there exists an identity e
of (S, *) and (iii) means that b is an inverse of a. We say that the operation * is associative
if condition (iv) in definition 6 is satisifed.

Example 6.
Is (Z, x) a group where x denotes the usual multiplication in Z?
Solution.

No, and here is a proof. First note that 1 is an identity element of (Z, x) because 1 x a =
a=ax1,forall a € Z. Now, 2 has no inverse because there is no b € Z such that 2xb = 1.
So, condition (iii) in definition 6 is not satisfied and hence (Z, x) is not a group.

Remark 7.
Notice that (Z,+) is a group but (Z, x) is not a group.
Definition 7.

A group (G, %) is called abelian if axb =bx*a, V a, b € G. If a group is not abelian,
then we call it non—abelian.

Example 7: Z,,, the set of integers modulo m.
Suppose m is an integer and m > 2. Recall the set of integers modulo m denoted by Z,,.

For us here we will think of Z,,, as the set
Loy, =40,1,2,...,m — 1}

with the operation of addition (mod m), denoted by *, which means that if a,b € Z,,,
then a x b is defined to be the remainder when the usual sum of a and b is divided by m.
So, axb € Zy,.

It’s important to note that the elements of Z,, are not ordinary integers because, for
example, in Zs = {0, 1,2, 3,4} we have that 2+ 4 = 1 because 1 is the remainder when the

1



usual sum of 2 and 4 is divided by 5. Notice also that addition (mod 5) in Zs is different
from the usual addition in Z because again 2 x4 = 1 in Zs.

One can show that (Z,,, *) is a group, for m > 2, as follows:

(i) axb € Zy,, V a,b€ Z,, as mentioned above.

(ii) 0 is an identity element in (Z,,, x), because 0 xa =a=a*x0, V a € Z,,

(iii) If a € Z,,, and a # 0, then m — a € Z,, is an inverse of a because a * (m —a) =0 =
(m — a) * a. Note that 0 is an inverse of 0.

(

iv) One can check that

(axb)yxc=ax(bxc), ¥V a,bc € Ly

So, the 4 conditions in definition 6 are satisfied and hence (Z,,, *) is a group for m > 2.

Note that * above, for addition (mod m) on Z,,, is usually just written as + as long as
there is no confusion with ordinary addition in Z. So, we can now write that 2 +4 =1 in
Zs and also say that (Z,,,+) is a group for m > 2. We will assume the operation on Z,,
is addition (mod m) unless otherwise stated.

Remark 8.

Suppose (G, ) is a group and z,y € G. For convenience of notation we will often write
T x Y as Ty.

Furthermore, for convenience of notation, we will often just say ’suppose G is a group’
instead of saying ’ suppose (G, x) is a group’. However, it should always be clear what
operation we are considering when we are working with a group.

Lemma 1.
Suppose G is a group. Then G has a unique identity element.
Proof.

Suppose that e and f are identity elements of G. Then, ef = e and ef = f andso e = f
and we are done.

Lemma 2.

Suppose G is a group and x € GG. Then x has a unique inverse. The unique inverse of x is
denoted by =~ 1.

Proof.

Suppose that y and z are inverses of x. Also, suppose e is the identity element of G. Then
ry=e=yx and xz=e=2zx
Now, (zx)y = z(xy) = ze = z. Also, (zx)y = ey = y. Hence, z = y and we are done.

2



Example 8.
271 = 3 in Zs because 2 + 3 = 0 in Zs.
Remark 9.

We will introduce some notation here. Suppose G is a group with identity element e.

Suppose a € G. We can write the element aa as a?. Similarly, we can write a?a as a>.

In the same way, for a positive integer n, we can write aaa . ..a (where a appears n times
here) as a™. Note that this also means that a' = a.

We define a° to be e.

Also, if t € Z and t < 0, we define a® to be the inverse of a~* which makes sense because
—t is a positive integer. Thus a' is defined to be (a=*)~1.

In this way, we have now defined a” where r is any integer.
Definition 8.

Suppose G is a group with identity element e. Suppose a € G. The order of a is the least
positive integer k such that a* = e. If there is no positive integer r such that a” = e, then
we say that the order of a is infinity (denoted by co). We denote the order of a by o(a).

Example 9.

Find the order of each element in Zg.
Solution.

Zs ={0,1,2,3,4,5} and 0 is the identity in Zg.
Note that 0! = 0 so o(0) = 1.

Note that if a € Zg and n is a positive integer, then from remark 9, a™ means a + a + a +
-+ + a, where a is added (mod 6) to itself n times here.

Now 0(2) = 3 because
21 =940, 22=242=4+#0, 22°=2+24+2=0

So, 3 is the least positive integer k such that 2¥ = 0 and so o(2) = 3.

Similarly, o(3) = 2 because
3'=3+#£0, 32=3+3=0

So, 2 is the least positive integer k such that 3 = 0 and so o(3) = 2.
Similarly, o(4) = 3, o(5) = 6 and o(1) = 6 and we are done.
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Example 10.

Consider the group Z with the operation of usual addition and consider 2 € Z. Then
0(2) = oo, because there is no positive integer r such that 2" = 0. Note that 2" here means
242+ 24 -+ 2, where 2 is added to itself r times.

Definition 9.

Suppose G is a group. Then the order of GG is defined to be the number of elements in G
and is denoted by |G].

Example 11.

(i) |Zm| = m, for m > 2.
(ii) |Z| = oo.

Example 12.

For n > 2, suppose T,, denotes that set of invertible n x n matrices with real entries. We
will now prove that T,, (with the operation of usual matrix multiplication) is a group, for
n > 2. This group T, is also denoted by GL(n).

Proof.

First note that T,, is non—empty because the identity n x n matrix, I,, is an element of
T,,. Recall that I,, is the n x n matrix with 1 everywhere on the main diagonal and zero
everyewhere else.

(i) AB € T, for all A,B € T, because the product of two invertible matrices is an
invertible matrix. So, conditon (i) in definition 6 is satisfied.

(ii) I,A = A= Al,, for all A € T}, and so condition (ii) in definition 6 is satisfied.

(iii) Recall from linear algebra that if A € T;,, then A has a (matrix) inverse denoted by
A7l such that AA=! = I, = A='A. Note that A~ € T}, and so condition (iii) in definition
6 is satisfied.

(iv) (AB)C = A(BC), for all A, B,C € T,, and so condition (iv) in definition 6 is satisfied.
So, all four conditions in definition 6 are satisfied and hence 7T;, is a group for n > 2.
Example 13.

GL(2) is a non—abelian group.



Proof.
Consider the two matrices, A, B € GL(2) where

=) =V )
a=(V5)  m=( )

So, AB # BA and hence GL(2) is a non—abelian group.
Remark 10.

Then,

Suppose G is a group and x € G. Then, "% = 2"z, for any integers, r,s. Also,
(z")% = 2%, for any integers, r, s.

Lemma 3.

Suppose G is a group with identity element e and suppose x € G. Suppose o(x) = k,
where k is finite, and suppose " = e. Then n = rk, for some integer r.

Proof.
If we divide k into n, then we will get that

n=qk+s, where ¢,s€Z with 0<s<k
Now,
g = gt = gtk = (2F)92° = el2® = ex® = 2
So, 2° = e and hence s = 0 because k is the least positive integer such that z* = e. So,
we have n = ¢k, for some integer ¢ and we are done.
Lemma 4.

Suppose G is a group and x € G with o(z) = k, where k is finite. Then,

B k
~ ged(k,m)

o(z™)

where m € Z and m > 0 and ged(k, m) denotes the greatest common divisor of k and m.
Example 14.

Consider 0 € Z and let S = {0}. Then, S is a group with the usual addition.

Consider 1 € Z and let L = {1}. Then, L is a group with the usual multiplication.

2



Note that both groups L and S contain exactly one element each. It turns out that all
groups which contain exactly one element can be considered essentially to be the same
because if ({y}, *) is any group that contains exactly one element y, then we have

y*xy =1y, y is the identity element in the group and y 1=y

Any group that contains exactly one element is called the trivial group. Also, if a group
contains more than one element, then it’s called a non—trivial group.

Section 1.2 — Subgroups.

Definition 10.

Suppose (G, *) is a group and H is a subset of G. Then, we say that H is a subgroup of G
if (H, ) is a group. Note that here the operation on H is the same as the operation on G.

Example 15.

(Z,+) is a subgroup of (R,+), where R denotes the set of real numbers and + is usual
addition.

Remark 11.

From now on, when we consider Z as a group, we wll always be using the operation of
usual addition, unless otherwise stated.

Example 16.

Consider the group Zg.

(a) Is H = {0, 3} a subgroup of Zg?

(b) Is W = {0, 1,3} a subgroup of Zg?

Solution.

(a) Yes, and here is a proof: H is non—empty and:

(i)a+be H, for all a,b € H.

(i) 0+a=a=a+0,forallac H.

(iii) If @ € H, then there exists b € H such that a+b=0="b+a.
(iv) (a+b)+c=a+ (b+c), for all a,b,c € H.

So, all the conditions in defintion 6 are satisfied and hence H (with the operation +) is a
group and so H is a subgroup of Zg.

(b) No, and here is a proof: Condition (i) in definition 6 is not satisfied because 1 +3 ¢ W
with 1,3 € W. Hence, W is not a group (with the operation +) and so W is not a subgroup
of Zg.

Example 17.

Suppose (G, x) is a group with identity element e. Then (G, x) itself is a subgroup of (G, *).
Also, the trivial group ({e}, *) is a subgroup of (G, *).
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Proposition 1.
A non-empty subset H of a group G is a subgroup of G <= ab~! € H, foralla,b € H.
Proof.

We first prove the = part: H is a group and so b=' € H and hence ab~!' € H and so we
have proved the = part:

We next prove the <= part: Our aim is to show that H is a group and we will do that
by showing that the four conditions of definition 6 are satisfied for H. Suppose e is the
identity element of G. Suppose x € H. Then, zz~! € H and so e € H. Hence, H has an
identity element and condition (ii) in definition 6 is satisfied.

Next, suppose y € H. Then, ey~ € H and so y~! € H. Hence, condition (iii) in definition
6 is satisfied. Now, suppose v, w € H. Then

wlreH = vw ') 'eH = vwe H

and so condition (i) in definition 6 is satisfied.

Finally, (zy)z = z(yz), for all z,y,z € H and so condition (iv) in definition 6 is satisfied.
So, overall H is a group and hence H is a subgroup of G. So, we have proved the < part
and we are done.

Example 18.

Consider the group Z. Suppose H is the set of even integers. Then, H is a subset of Z. Is
H a subgroup of Z7

Solution.

Yes, and here is a proof: Note that if a,b € H, then ab~! = a—b € H and so by proposition
1 we get that H is a subgroup of Z.

Theorem 1.

Denote the set of positive integers (or natural numbers) by N and so N = {1,2,3,...}.
Then, the non—trivial subgroups of Z are nZ, for n € N, where nZ is the set of integer
multiples of n, i.e.

nZ={...,—2n,—n,0,n,2n,3n,...}

1



Proof.

Suppose H is a non—trivial subgroup of Z. Then, H must contain a smallest positive
number ¢t. Now, tZ is a subset of H. We will prove that H is a subset of tZ and hence we
will have that H = tZ and we will be done.

Consider m € H. Then, if we divide ¢ into m we get that
m =kt+r, where k, reZ with 0<r <t

Now, r = m — kt € H and so » = 0 because t is the least positive number in H. Thus,
m = kt and so H is a subset of tZ. Hence H = tZ and we are done.

CHAPTER 2 — Permutation Groups.
Section 2.1 — Definition and Examples.

Definition 1.
(i) Suppose X and Y are sets and f: X — Y is a function. Then, f is called 1 — 1 if

a#b = f(a) # f(b), for a, be X

(ii) Suppose X and Y are sets and f : X — Y is a function. Then, f is called onto if
ze€Y = z=f(w), forsome weX

Definition 2.

Suppose X and Y are sets and f: X — Y is a function. Then, f is called a bijection if f
is 1 — 1 and onto.

Definition 3.

Suppose V' is a non—empty set and f : V — V is a bijection. Then, we call f a permutation
of V. Denote the set of all permutations of V' by Sym(V).

Theorem 1.

Suppose W is a non—empty set. Then, Sym(W) (with the operation of composition of
functions) is a group.

Proof.
First note that Sym(W) is non-empty because I € Sym(W) where I is the function

I-wW—-Ww

T —T



Suppose f,g € Sym(W). Denote the composition f after g by f o g. This means that
(fog)(x)= f(g(zx)), for x € W. Note that fog e Sym(W), for all f,g € Sym(W) and
so condition (i) in definition 6 in chapter 1 is satisfied.

Note that I above will be an identity element of Sym(W') because I o f = f = fo I, for
all f € Sym(W) and so condition (ii) in definition 6 is satisfied.
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Continuation of the proof of Theorem 1.

If f € Sym(W), then the inverse function f~! is an element of Sym(W) and we have
fof~'=1I=f"1of. So, condition (iii) in definition 6 is satisfied.

Finally, we have that
(fog)oh=fo(goh), forall f, g, h,€Sym(W)

and so condition (iv) in definition 6 is satisfied. Hence, Sym(W') (with the operation of
composition of functions) is a group.

Definition 4.

Suppose n € N. The symmetric group (on n symbols) is denoted by S,, and is defined by:
Sp =Sym(W), where W ={1,2,3,...,n}

Remark 1.
Note that the elements of S,, are the permutations of {1,2,3,...,n}.
Remark 2.

We will now discuss some notation. Consider the function
a:{1,2,3,4} — {1,2,3,4}

where o(1) =4, a(2) =3, a(3) =1, a(4) =2.

Then, a € Sym(W), where W = {1,2,3,4} and so a € Sy. For convenience of notation,
we denote the permutation « by

(133 e

where this notation means that « takes a number in the top row to the corresponding
number directly below it in the bottom row. It’s important to note that the notation in
(x) above does not correspond to a matrix. Another example of this notation in (x) is

1



1 2 3 4
b= (3 4 2 1)
which means that g is the permutation in Sy given by
Bg:{1,2,3,4} — {1,2,3,4}

where §(1) =3, 8(2) =4, B(3) =2, g(4) =1.

In the same way, we can represent any permutation in Sy using the same type of notation

as (x).

Example 1.
Suppose
1 2 3 1 2 3 .
“‘(4 3 2 1) andﬁ_(za 4 2 1) i Sy
Then,
1 2 3 4 1 2 3 4
O‘Oﬁ_(432 1)0(342 1) ()
(1 2 3 4
~\2 1 3 4
Remark 3.

From now on we will omit the o symbol in (x) in example 1 and so

G—aog and (123 4)(1 23 4y _(1 23 4\ (1234
ap=a an 43 2 1/)\3 4 2 1) \4 3 21 3 4 2 1

Example 2.

(1 2 3 4). . 1
Supposea—(4 1 9 3)1n54. Find ™.

Remark 4.



We will now discuss some notation. Suppose ki, ko, ..., ky € {1,2,3,...,n}, with k; #
k; for i # j. Then, (kikz...k,) denotes the permutation in S, that maps k; to kg,
ko to ki3, k3 to kg ....... kmm—1 to ky, and finally maps k,, to k1 and all other elements of
{1,2,3,...,n} are mapped to themselves.

Definition 5.

(i) (k1k2...kp) in remark 4, is called a cycle. The length of a cycle is the number of
elements in the cycle and so (k1ks ... k,,) has length m.

(ii) An m—cycle is a cycle of length m.

Example 3.

3 2 4 1
can be expressed as the cycle (134). Note that (134) is a 3—cycle.
Also, (134)(12) = (1234) and (134)~" = (143).
Note that (134) = (341) = (413).

In S the permutation (1 23 4)

Example 4.
(i) S2 ={I,(12)}, where I is the identity in Ss from Theorem 1. Note that So is abelian.

(i)

S—{123 1 2 3 1 2 3 1 2 3 1 2 3 123}
P-W1 2 3)°\2 1 3/)°\3 2 1)°\1 3 2/)'\(23 1)’\3 1 2

={1,(12),(13),(23),(123), (132)}

where I is the identity in S3 from Theorem 1. Note that |S3| = 6. Also, S5 is non—abelian
because

(12)(13) = (132) but (13)(12) = (123)
and so

(12)(13) # (13)(12)
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Theorem 2.
S,, 1s non—abelian for n > 3.
Proof.
Consider (12), (13) € S, for n > 3. Then, as in example 4 we have that (12)(13) # (13)(12)

and so S,, is non—abelian.
Theorem 3.

|Sn| = nl, for n > 2.
Proof.

The different elements of S,, correspond to the different ways of filling in the bottom row

of
(1 2 3 4 . . . 71)
So, there are n(n — 1)(n — 2)....3.2.1 = n! different elements in S,,.
Definition 6.
Two cycles are called disjoint if they have no elements in common.
Example 5.
(134) and (25) are disjoint cycles in S5. (134) and (12) are not disjoint cycles in Ss.
Example 6.

We know from theorem 3 that there are 24 elements in S; and here they are:

1,(12),(13),(14),(23),(24), (34),(123), (132), (124), (142), (134), (143), (234),

(243), (1234), (1243), (1324), (1342), (1423), (1432), (12)(34), (13)(24), (14)(23)

where [ is the identity element in S4 from Theorem 1.

Example 7.



Suppose a = 411 ; i’ ;l ;) in S5. Express a as the product (composition) of two
disjoint cycles.

Solution.

a = (143)(25), where (143) and (25) are disjoint cycles.

Theorem 4.

Every a € S,, can be expressed as a cycle or as a product (composition) of disjoint cycles.
Corollary 1.

Up to the ordering of cycles, there is only one way to express a permutation as a product
(composition) of disjoint cycles.

Example 8.

Consider the permutation « from example 7. Then, a = (143)(25). Also, a = (25)(143)
and there is no other way to express a as a product of disjoint cycles.

Definition 7.

Suppose G is a group and =,y € G. Then, we say that x and y commute in G if xy = yzx.
Theorem 5.

Suppose «, § are disjoint cycles in S,,. Then « and 8 commute in S,, i.e. af = Ba.
Proof.

The elements in o and § come from disjoint subsets of {1,2,3,...,n}.

Example 9.

In Sg, we have (12)(45) = (45)(12).

Lemma 1.

Suppose « is a k—cycle in S,,. Then, o(a) = k.

Proof.

Suppose @ = (b1bs....by). Then o = I, where I is the identity element in S,,. Also, k is
the least positive integer such that a* = I. Hence, o(a) = k.

Example 10.
Suppose a = (2351) in Sg. Then, o(a) = 4.
Theorem 6.

Suppose o = (152 . .. B¢, where B; and [3; are disjoint cycles for ¢ # j. Suppose o(f5;) = m;,
for 1 <i <t. Then, o(a) = lem {my,ma,..., ms}.

Example 11.
Suppose o = (12)(45)(367) in S7. Then, o(a) = lem {2,2,3} = 6.
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Remark 5.
A 2—cycle is also called a transposition.
Theorem 7.

Suppose a € S,, with n > 2. Then, « can be expressed as a product (composition) of
transpositions.

Proof.

We know from theorem 4 that o can be expressed as a cycle or product of disjoint cycles.
Now, any cycle (b1bs...bs) can be expressed as the following product of transpositions:
(b1b4)(b1bs—1) ... (b1b3)(b1b2). Consequently, o can be expressed as a product of transpo-
sitions.

Example 12.

Express o = (124)(356) in Sg as a product of transpositions.
Solution.

(i) (124)(356) = (14)(12)(36)(35).

Theorem 8.

Suppose a € S,,. Suppose o = (132...8,, and a = 0103 ...0%, where all the 3; and o;
are transpositions for 1 <¢ <m, 1 < j < k. Then, m and k are either both even or both
odd.

Example 13.

Note that o = (124)(356) in S¢ in example 12 can also be expressed as the following
product of transpositions: (14)(13)(13)(12)(36)(35) because (13)(13) = I, where I is the
identity in Sg. So, o can be expressed as the product of four transpositions (as in example
12) and also as the product of six transpositions.

Definition 8.

(i) a € S, is called an even permutation if it can be expressed as a product of an even
number of transpositions.

(ii) @ € 8, is called an odd permutation if it can be expressed as a product of an odd
number of transpositions.



Example 14.

Suppose a = (1245)(352) in Sg. Then, a = (15)(14)(12)(32)(35) and so « is an odd
permutation.

Remark 6.

(i) Suppose G is group with identity e. If x € G with = # e, then we say that z is a
non—identity element.

(ii) If G is a group and |G| is finite, then we say that G is a finite group. If |G| = oo, then
we say that G is an infinite group.

Theorem 9.

Suppose A, = {a € S, : v is even} for n > 2. Then, A, is a subgroup of S,, and we call
A,, the alternating group.

Proof.

Suppose [ is the identity in S,. Then I = (12)(12) and so I € A, and hence A, is
non—empty.

Suppose «, 3 € A,,. Then, a = 0103 ...0%, where k is even and the o; are transpositions
for 1 <7 <k and also 8 = 172 ...7m, where m is even and the v; are transpositions for
1< <m.

Now note that

Bt =il = Y Ymet e

and so

Oéﬁ_l =0102...0Ym¥Ym—1---72M
which means that a3~! € A,,. So, by proposition 1 in lecture 4, we get that A, is a
subgroup of S,,.
Theorem 10.

|
|A,| = %, for n > 2.

Proof.
Suppose «, 8 € A, with a # . Then, (12)a # (12)5 with (12)a and (12)8 both odd

permutations.

Also, suppose 7,0 are odd permutations in S,, with v # o. Then, (12)y # (12)c with
(12)y and (12)o both even permutations.

Thus, the number of odd permutations in .S,, is equal to the number of even permutations

S, !
in S, and so |A,| = _| 2”| = %



Example 15.

|Ay| = 12.

Example 16.

(i) A3 ={I,(123),(132)}, where I is the identity in S3. Notice that As is abelian.

(ii) Notice that A4 is non—abelian because (123), (124) € A4 and (123)(124) # (124)(123).

Chapter 3 — Cyclic Groups.

Definition 1.

Suppose G is a group and L is a non-empty subset of G. Then, we say that L is a
generating set for G if

G={a{"25? --ain iz, € L, oy ==%1 for 1 <i<n, and n is any positive integer}

We also say that G is generated by L.
Remark 1.

Suppose L is a non—empty subset of a group G. Let L = {x~! : z € L}. Then, definition 1
is essentially saying that L generates G if every element of G' can be expressed as a product
of elements from L U L, where U here denotes the union of two sets.

Example 1.

{1} is a generating set for Z and {2, 3} is a generating set for Z.
Example 2.

{2} is not a generating set for Z.

Definition 2.

Suppose X is a generating set for a group G. Then, X is called a minimal generating set
for G if, by removing any element of X, the resulting set is not a generating set for G.

Example 3.

{1} is a minimal generating set for Z and {2, 3} is a minimal generating set for Z.
Example 4.

{1,2,3} is not a minimal generating set for Z.

Definition 3.

Suppose G is a group and suppose theres exists an 2 € G such that {x} is a generating set
for G. Then, G is called a cyclic group. We also say that G is generated by z and that x
is a generator for G.
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Example 5.
Z is a cyclic group because {1} is a generating set for Z. Also, 1 is a generator for Z.
Example 6.

Zy is a cyclic group because 1 € Z, is a generator for Z,. Note also that 3 € Z, is a
generator for Z,. However, 2 € Z,4 is a not generator for Zy.

Remark 2.

If G is a cyclic group and z is a generator for G, then G = {z* : k € Z}. Consequently,
every cyclic group is abelian.

Example 7.
Is S5 a cyclic group?
Solution.
No, because we know S3 is non—-abelian and hence by remark 2, S3 is not cyclic.
Definition 4.
Suppose G1 and G5 are groups. The product group is denoted by G; x G2 and is defined
as the set
G1 X Gy ={(z,y) : x € G1, y € Ga}
with the operation defined as

(x7y)<aab) = (.’ECL,yb), fOI‘ all (CC,:U), (aab) € Gl X GQ

Remark 3.

One can check that G; x G5 (in definition 4) forms a group under the given operation.
Note that the identity in G; x Gg is (e1, e2) where e; is the identity in G; and es is the
identity in G. The inverse of (x,y) in G1 x Ga is (z71,y71).

Example 8.

Suppose the groups G; and G5 in definition 4 are both Z. Then, we have the product
group Z x 7. Recall that the operation on Z is the usual addition which we will denote by
+. For convenience we will also denote the operation on Z x Z by + and so we have

1



(z,y) + (a,0) = (x + a,y +b), forall (2,y), (a,b) € ZxZ (*)
Note that the + on the right hand side of = in (*) denotes the usual addition in Z whereas
the 4 on the left hand side of = in (%) denotes the operation on Z x Z.

For example,
(3,-2)+ (4,1)=(3+4,-2+41)=(7,—-1)

Example 9.

Z x Z (from example 8) is an abelian group.
Example 10.

7Z x 7. is not a cyclic group.

Proof.

We will prove this by contradiction. So, suppose Z x Z is a cyclic group. Then (a,b) is a
generator for Z x Z for some (a,b) € Z x Z.

Hence, by remark 2, Z x Z = {(a,b)* : k € Z}. Now, for convenience, we will write (a, b)"
as k(a,b) because the operation on Z x Z is the + operation in example 8. For example,
(3,—4)? = (3,—4) + (3, —4) = 2(3, —4).

Now, (1,0) = k(a,b) = (ka, kb), for some k € Z. Hence, 1 = ka and 0 = kb. So, b = 0.
Now, we also have (0,1) = ¢(a,b), for some ¢ € Z, which implies 1 = ¢b = 0 which is
impossible.

So, our supposition that Z x Z is a cyclic group is false and thus Z x Z is not a cyclic
group.
Example 11.

Note that X = {(1,0), (0,1)} is a generating set for Z x Z because if (a,b) € Z x Z, then
(a,b) = a(1,0) +b(0,1) = (1,0)%(0,1)°

Also, X is a minimal generating set for Z x Z because {(1,0)} is not a generating set for

Z x 7 and {(0,1)} is not a generating for Z x Z.

Example 12.

In Z x Z4 we have 0(0,1) = 4 and o(1,0) = oc.

Lemma 1.

(i) Suppose G; and Gg are both finite groups. Then, |G x Ga| = |G1||Ga|.

(ii) Suppose at least one of the groups G, G5 is an infinite group. Then, G; x G2 is an
infinite group.



Example 13.
|Ay X Zs| = 60 and A4 X Z is an infinite group.
Remark 4.

Suppose G is a group and suppose z; € G for 1 <i <n. Let X = {x1,22,...,2,}. Then,
the subgroup generated by X is denoted by < z1,x2,...,2z, > and so

< X1, Ty .oy >={27125% . 20" 1z, € X, oy = %1, for 1 < i <t andtany positive integer}

Remark 5.
(i) One can check that < x1,z9,...,z, > in remark 4 is a subgroup of G.

(ii) If G is a cyclic group that is generated by an element z, then we can now write
G=<uzx>.

Example 14.

7 =<1>.
Example 15.
In Z x Z we have < (1,0) >=Z x {0}

Chapter 4 — Lagrange’s Theorem.

Definition 1.

Suppose H is a subgroup of a group G and suppose © € G. We define the set *H as
follows:

eH={zy:yec H}

This set xH is a subset OE G and is called a left coset of H in (G. The set of all left cosets
of H in G is denoted by I

We also define the set Hx as follows:
Hr={yzx:yec H}

This set Hzx is a subset of G and is called a right coset of H in G.
Example 1.

Consider the group Zi5 and suppose H = {0,3,6,9}. Then, one can show that H is a
subgroup of Z15. We have the following left cosets of H in Zs:
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Example 1 continued

0H =H, 2H={2,58,11}, 3H=H

Notice that xH = Hx, for all x € Zq5 because Z5 is abelian.

Note that since the operation on Zs is addition (mod 12), then we can write x + y for xy,
where x,y € Z12 and so we can write 2 + H for 2H and get that 2 + H = {2,5,8,11}.

Example 2.
Consider the subgroup Ajs of the group S3. Then we have the following left cosets of As
in Sg:

Ay = As, (12)A4; = {(12),(23), (13)}, (123)4 = 4g

where [ is the identity in Ss.

Lemma 1.

Suppose H is a subgroup of a group G and suppose x € G. Then, tH = H <— x € H.
Proof.

Proof of =: Suppose e is the identity in G. Then, e € H. Now, x = xe € xH = H and so
x € H and we are done.

Proof of «: zH is a subset of H. Also, if z € H, then z = z2~ 'z € zH and so H is a
subset of zH. Hence, xtH = H and we are done.

Definition 2.

Suppose X is a subset of a group G. Then, the number of elements in X is denoted by
| X

Lemma 2.

Suppose H is a subgroup of the group G. Then, |[zH| = |yH|, for all z,y € G.
Proof.

It suffices to prove that |xH| = |H|, for all x € G. Now, note that

f + H—zxzH



k — xk

is a bijection and so |H| = |zH| and we are done.
Lemma 3.

Suppose H is a subgroup of a group G and suppose z,y € G. Then, either tH = yH or
xHNyH = ¢.

Theorem 1 — Lagrange’s Theorem.

Suppose H is a subgroup of a finite group G. Then, |H| divides |G|.

Proof.

First note that G = U yH. Then, apply lemma 3 to get that there are elements
yeG

r1,%2,...,T, in G for some positive integer n such that

G=xHUzxHU---Ux,H

where z; H Nx; H = ¢, for i # j.

Hence,

|G| = |e1 H| + |woH| + - - + [2n H]

=|H|+ |H|+ -+ |H|, where |H| appears n times here

= |H| divides |G|

and we are done.

Example 3.

Z11 has no subgroups except the trivial subgroup and the group 7Z; itself.
Proof.

If H is a subgroup of Z11, then by Lagrange’s theorem we have that |H| divides 11. Hence,
|[H| =1 or 11 and we are done.

Example 4.
S4 has no subgroup of order 5.

Proof.

If H is a subgroup of Sy, then by Lagrange’s theorem we have that |H| divides 24. Hence,
|H| # 5 and we are done.



Lemma 4.

Suppose G is a group and = € . Suppose H is the cyclic subgroup of G that is generated
by z,i.e. H =<z >. Then, |H| = o(z).

Proof.

Suppose e is the identity in GG. There are two cases to consider. The first is where G is a
finite group and the second is where G is an infinite group.

Case 1 — Suppose G is a finite group. Then H is a finite group. Now, H = {z* : k € Z}
and so there exists integers r,s such that " = z® with r > s. Hence 2"7° = e and so
o(x) is finite. Suppose o(x) = t, where t € N. Then, H = {e,z,z?,..., 271} and so
|H| =t = o(z) and we are done.

Case 2 — Suppose G is an infinite group. Then, either o(z) is finite or infinite. If o(z) is
finite, say o(z) = t, where t € N, then H = {e,z,2?%,...,2'71} and so |H| =t = o(z) and
we are done. Otherwise, o(z) is infinite and then H = {z* : k € Z} has infinitely many
different elements in it and so |H| = oo = o(z) and we are done.

Theorem 2.
Suppose G is a finite group and = € G. Then, o(x) divides |G|.

Proof. Proceed as in case 1 in the proof of lemma 4 to get that H =< x > is a subgroup
of G with |H| = o(x). Now, by Lagrange’s theorem, we have that |H| divides |G| and so
o(z) divides |G| and we are done.

Example 5.

711 has no element with order 5 because 5 does not divide 11.
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Remark 4.
(1) The subgroup H in remark 2 is also denoted by SO(2) and is called a special orthogonal

group. If we denote the set of 2 x 2 real matrices by M, then it turns out that

SO(2)={Ade My: ATA=1;, and detA=1}

where Iy is the 2 x 2 identity matrix (é ?) and AT denotes the transpose of A

S0(2) is an example of what is called a matrix group because it's a group whose elements
are matrices. Here are some other examples of matrix groups:

(ii) If n € M, then
SOn)={AeM,: ATA=1, and detA=1}

where M, is the set of real n x n matrices and I, is the n x n identity matrix with 1
everywhere on the main diagonal and zero everywhere else. The group operation here is
matrix multiplication. Note that SO(2) is the example of SO(n) when n = 2.

(ii) G L{n) from example 12 in chapter 1.

(ili) Mn) = {A e M, : ATA = I.}. On) is ealled an orthogonal group. One can show
that A € O(n) = det A = £1. Note that SO(n) is a subgroup of O(n) which is a subgroup
of G/L(n).



Section 5.2 ~ Dihedral Groups and Polygons.

Definition 1.

Denote the usual zy plane by R? as in remark 1. Recall from definition 3 in chapter 2
that Sym(R?) denotes the set of all permutations on R? and also recall from theorem 1 in
chapter 2 that Sym(R*?) is a group with the operation of composition of functions.

Now, f € Sym(R?) is called an isometry on R? if the distance between a and b equals the
distance between f(a) and f(b) for all a,b € R

Remark 5.

Tglc set of all isometries on R? is a subgroup of Sym(R?). Denote this set of isometries on
R? by T.

Remark 6.

Suppose A is a non-empty subset of R?. Let T4 denote the set of all f € T such that
(i) zre A = f(z) € A

(ii) f(x) e A=z € A

Then, T4 is a subgroup of T" and T4 is called the symmetry group of A.

Remark 7.

A regular polygon with n sides is a polygon that has all n sides of equal length and all n
angles are equal. A regular polygon with n sides is also called a regular n-gon (or regular
n-polygon).

Example 4.

A regular 3-gon is an equilateral triangle. A regular 4-gon is a square. A regular 5-gon is
a pentagon.




Definition 2.

The symmetry group of the regular n-gon is called the Dihedral Group of degree n and is
denoted by D,,.

Lemma 1.

Suppose S is a regular n-gon and f € D,, and V is the set of vertices of S. Then f(z) € V,
forall z € V.

Example 5.

We will now look the group Dj in detail. Note that Dy is the symmetry group of an equi-
lateral triangle (i.e. regular 3-gon). Suppose A;, Az, Ay are the vertices of an equilateral
triangle and suppose O is the centre of the equilateral triangle.

A,y

A, AZ

Let o3 denote the clockwise rotation through an angle 3% about O. Then 02(4;) =
Az, 02(Ay) = A3, 03(Ag) = A; and we get

A,
A |
A3 Az

Az




Let o3 denote the clockwise rotation through an angle % about O. Then a3(A,) =
Aj, 02(.42) = Ay, 02(A3) = Az and we get

Ay
A 03
As A; Ay Ay

Let 7 denote the reflection (or flip) about the line through 4, and O. Then 7(A;) =
Ay, 7(A2) = A3, 7(A3) = Az and we get

A, Ay
A3 AZ Az 43

Note that o3 o 7 is the flip about the line through A3 and O since (o207)(Ay) = Ay, (020
)(Az) = Ay, (e207)(Ay) = Az Similarly, o3 o 7 is the flip about the line throngh A; and
0. Denote o3 o 7 by o7 and denote o3 o1 by o37.

Let oy denote the clockwise rotation through an angle zero about O. Then oy is the
identity.

One can show that

A,

Dy = {0y,02,03,7, 027,037}
and so |Dgs| = 6. Also, Dy is non abelian because o317 # 103. Note that Dy =< 1,0y >
and {r,02} is a mimimal generating set for Dy,
Example 6.

Consider D,, with n > 4. Let S be the regular n—gon with n vertices A;, A, ..., A, and
centre O. Suppose o; is the clockwise rotation through an angle 2(j — 1) about O and
suppose 7 is the flip about the line through A, and O. One can show that

D, = {oy,02,...,0,,T,037,037,...,0,7}

and so |D,,| = 2n.
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Section 5.3 — Some other applications of Groups.

Remark 8.

As mentioned before, there are many important and powerful applications of Groups. We
will just mention a few more applications here.

Remark 9 — Physics.

Groups describe the symmetries which the Laws of Physics seem to obey. Also, Group
Theory predicted the existence of many elementary particles before they were found ex-
perimentally.

Remark 10 — Chemistry.

The symmetry of a molecule is related to its physical properties and provides a method
to determine the relevant physical information of the molecule. Groups enable one to
determine symmetry.

Remark 11 — Roots of Equations.

Lagrange, Galois and others used ideas from Group Theory to try to understand when there
exists a certain type of formula that would give the roots of certain equations, including
the quintic (fifth degree polynomial) equation.

Remark 12 — Rubik’s Cube.

Permutation groups are used to work out the algorithms that can be used to solve the
Rubik’s Cube.

Chapter 6 — Homomorphisms and Isomorphisms between Groups.

Section 6.1 — Homomorphisms.

Definition 1.

Suppose G and G4 are groups and f : G1 — G» is a function such that f(zy) = f(z)f(y),
for all x,y € G1. Then, f is called a group homomorphism.

From now on we will call a group homomorphism just a homomorphism.

Example 1.



Consider R as a group under the usual addition and consider R™ = {z € R: z > 0} as a
group under the usual multiplication. Then

f: R—=RF

xT

Tr — e

is a homomorphism because f(x +y) = €Y = e%e¥ = f(x)f(y), Vz,y € R.
Example 2.

Consider R as a group under the usual addition. Then

f: R—=-RxR

x — (z,0)

is a homomorphism because f(z+y) = (x+y,0) = (2,0)+(y,0) = f(x)+ f(y), Vz,y € R.
Lemma 1.

Suppose G1 and G5 are groups and suppose e; is the identity in G;. Suppose f : G; — G2
is a homomorphism. Then, f(e1) = es.

Proof.

Let y = f(e1). Then, y = f(ere1) = f(e1)f(e1) = y*. Hence y~'y =y 'y and so ez = y
and we are done.

Lemma 2.
Suppose f : G; — G is a homomorphism. Then, f(x~!) = (f(x))~}, for all x € G;.
Proof.

Suppose e; is the identity in G;. Then,

exs = fe1) = f(imf_l) = f(a:)f(:c_l)

and we are done.
Lemma 3.

Suppose f : G1 — G2 is a homomorphism. If zy = yx, for some x,y € Gy, then f(x)f(y) =
F) f ().

Proof.



vy =yr = f(ry) = f(yx) = f(@)f(y) = f(y)[(2).
Corollary 1.

Suppose f : G; — G5 is a homomorphism that is onto G5. If GGy is abelian, then G5 is
abelian.

Lemma 4.

Suppose f : G1 — G is a homomorphism. If x € Gy and o(x) is finite, then o(f(x))
divides o(z).

Proof.
Let n = o(x). Then, ™ = ey, where ey is the identity in G;. Now, (f(z))" = f(z") =
f(e1) = ea. Hence, o(f(x)) divides n and we are done.

Section 6.2 — Isomorphisms.

Definition 2.

(i) Suppose GG1 and G5 are groups and f : G; — G2 is a homomorphism. Then, f is called
a group isomorphism if f is also a bijection. From now on we will call a group isomorphism
just an isomorphism.

(ii) If f : G1 — G4 is an isomorphism, then we say G; and G2 are isomorphic and we write
G1 = Gs.

Remark 1.
G =2Gy = |G1| = |G2|
Remark 2.

If the groups G and G5 are isomorphic, then even though G; and G5 might look different,
G1 and G4 are ’essentially’ the same group, meaning that they have a similar structure
and also share many common properties, (e.g. if Gy is abelian, then so is Gs, if G has
order n, then Gy has order n etc). Note however that just because two groups A, B have
the same order and are both abelian does not mean that A is isomorphic to B.

Lemma 5.

If f: Gy — Gy is an isomorphism, then f~!: Gy — G is also an isomorphism.

Proof:

Note that f~! is a bijection. Now consider z,y € Gy and let h = f~1(z),k = f~1(y).
Then

f(hk) = f(h)f(k) = 2y

= fHay) =hk=f""(2)f(y)

3



and so f~! is an isomorphism.
Example 3.

Consider the set T of even integers as a group with the usual addition. Consider the
function

f:Z—-T

r — 2x

Then, f is a bijection and is also a homomorphism because f(z+y) = 2(z+y) = 2x+2y =
f(z) + f(y), for all x,y € Z. So, f is an isomorphism.
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Example 4.

Consider the homomorphism f in example 1 where

f:R—=R"

Tz — e

f is also a bijection and so f is an isomorphism.
Example 5.

Consider the homomorphism f in example 2 where

FfiRSRxR

x — (z,0)

f is not an isomorphism because it is not onto R x R
Theorem 1.
(i) If G is a cyclic group with |G| = n, then G is isomorphic to Z,.

(ii) If G is an infinite cyclic group, then G is isomorphic to Z.

Proof.

(i) G =< x >, for some = € G. So, G = {e,x,x%,2,... 2" 1}, where e is the identity in
G. As before, e = 2°. Now, define

f:G—7Z,
" =, for 0<r<n-1
Notice that the r on the left hand side of the arrow above is an ordinary integer whereas

the r on the right hand side of the arrow above is not an ordinary integer because it’s an
elment of Z,,.



We will discuss how f is an isomorphism. Firstly, f is actually a function because if
" = x°, for some r,s with 0 <r <nm—1and 0 <s<n-—1, then r = sin Z,. The reason
for this is because o(x) = n. Secondly, f is one-to —one because r = s in Z,, = =" = z°.

Thirdly, f is onto Z, because if t € Z,,, then t = f(z'). Finally, you should check that f
is a homomorphism. So, f is an isomorphism and we have that G is isomorphic to Z,.

(ii) G =< & >, for some = € G. So, G = {z* : k € Z} Now, define

f:G—=Z
z® =k
We will discuss how f is an isomorphism. Firstly, f is actually a function because if

% =z, for some u,w € Z then u = w in Z. The reason for this is because x has infinite
order. Secondly, f is one-to —one because u = w in Z = z" = z".

Thirdly, f is onto Z because if t € Z, then t = f(z'). Finally, f is a homomorphism
because f(x%x%) = f(z**?) = a+ b= f(2%) + f(z°). So, f is an isomorphism and hence
G is isomorphic to Z.

Remark 3.

Theorem 1 classifies all cyclic groups, up to isomorphism, in the sense that if we have a
cyclic group G of a particular order, then we know a specific group that is isomorphic to
G and hence we know a specific group that is essentially the same as G. For example, any
cyclic group of order 11 is isomorphic to Z;1. This says that even though there may be
many different cyclic groups of order 11, they are all essentially the same as Zq;.

Remark 4.

If G is a group and |G| = 2, then G is cyclic because 2 is prime. Hence, G is isomorphic
to Zs. So, every group of order 2 is isomorphic to Zy. This means we have classified all
groups of order 2, up to isomorphism.

Remark 5.

If G is a group and |G| = 3, then G is cyclic because 3 is prime. Hence G is isomorphic to
Zs. In this way, every group of order 3 is isomorphic to Z3. So, as in remark 4, this means
we have classified all groups of order 3, up to isomorphism.

Lemma 6.

Suppose f : G; — G2 is an isomorphism. Then o(z) = o(f(z)), for all z € G;.
Proof:

If x € Gy, then either o(z) is finite or infinite. We divide the proof into two cases.

CASE 1. Suppose o(z) is finite. Lemma 4 says that o(f(x)) divides o(x). Apply lemma
4 to the isomorphism f~1 : Gy — Gy to get that o(f~1(f(x))) divides o(f(x)). So, o(x)
divides o( f(x)) because f~1(f(z)) = .



We have o(f(z)) divides o(x) and also o(z) divides o(f(z)) and consequently, o(x) =
o(f(x))-

CASE 2. Suppose o(z) is infinite. Then o(f(x)) is also infinite because if o(f(x)) is finite,
then apply lemma 4 to the isomorphism f~!: Gy — Gy to get that o(f~1(f(z))) divides
o(f(x)) and so o(z) divides o(f(x)) which is impossible. Consequently, o(f(z)) is infinite
and so o(z) = o(f(x)).

Remark 6.
Suppose G, H, K are groups. Then

(a) If G is isomorphic to H, then H is isomorphic to G because if f : G — H is an
isomorphism, then f~!: H — G is an isomorphism, by lemma 5.

(b) If G is isomorphic to H and H is isomorphic to K, then G is isomorphic to K. This
is because if f : G — H is an isomorphism and w : H — K is an isomorphism, then
wo f:G — K is an isomorphism.

Example 6.
All groups of order 17 are isomorphic to each other.

Proof.

Suppose G and H are groups of order 17. By theorem 1, G is isomorphic to Z7 and H is
isomorphic to Z;7. By remark 6(a), Z;7 is isomorphic to H. By remark 6(b), we get that
G is isomorphic to H.

Example 7.
Z4 is not isomorphic to Zy X Zs even though both groups are abelian with order 4.
Proof:

o(1) = 4 in Z4 but Zy X Zo has no elements of order 4 because 0(0,0) = 1, o(1,0) =
2, 0o(1,1) =2, 0(0,1) = 2. Hence, by Lemma 6, Z, is not isomorphic to Zg X Zs.

Example 8.
By Corollary 1, S3 is not isomorphic to Zg because S3 is non—abelian and Zg is abelian.

Remark 7.

Examples 7 and 8 illustrate some ways of proving that two groups are not isomorphic. The
idea is to show that one group has a certain property (like being abelian for example) and
the other group does not have that property.
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Definition 3.

Suppose f : G; — G2 is a homomorphism. The kernel of f is denoted by kerf and is
defined by

ker(f) ={x € Gy : f(x) =ea}
The image of f is denoted by im(f) and is defined by

im(f) ={f(z) -z € G}

Lemma 7.

If f: Gy — G2 is a homomorphism, then ker(f) is a subgroup of G; and im(f) is a
subgroup of Gs.

Theorem 2.

Suppose f : G; — G2 is a homomorphism. Then f is one-to—one <= ker(f) = {e;1}.
Proof.

We will first prove the = part. Suppose = € ker(f). Then

flx)=ex=f(e1) = x=¢1
We already know that e; € ker(f) and so we now have that ker(f) = {e1}.

We will now prove the <= part. Suppose f(x) = f(y), for some x,y € G;. Then

e2=f(a)f(y) " =f@)fly™") = flazy™)

= 2y ' € ker(f)

= my_l =e

=x=1y

Hence, f is one-to—one and we are done.



Theorem 3. Cayley’s Theorem

Suppose G is a finite group with |G| = n. Then G is isomorphic to a subgroup of S,,.
Remark 8.

Theorem 3 says something a little surprising because it says that every finite group is
essentially the same as some subgroup of a permutation group.

Chapter 7 — Conjugacy, Normal Subgroups and Quotient Groups.

Section 7.1 — Conjugacy.
Definition 1.

Suppose G is a group and z,y € G. We say that x is conjugate to y if there exists h € G
such that:

z = hyh™!

Definition 2.

Suppose G is a group and « € G. The conjugacy class of x is denoted by [z] and is defined
as

[z] = {kak™' 1 k€ G}
The conjugacy class of x is the set of all elements in GG that are conjugate to x.
Example 1.
If e is the identity in a group G, then [e] = {e¢} because kek™1 = e, for all k € G.
Example 2.

If G is an abelian, then [z] = {z}. for all x € G because kzk™! = kk~lz = z, for all
ked.

Remark 1.

If x is conjugate to y, then y is conjugate to = because if x = kyk~! for some k € G, then
y = hah™! for h = k~'. Also, x is conjugate to itself because x = exe™!, where e is the
identity in the group.

Notation.

We will now look at S,, because there will be a convenient method for showing when « is
conjugate to 8 in S,,. Suppose a € S,,. Then, the cycle type of « is defined to be

{ilai27i37 .. aZm}

2



where i1 is the number of elements fixed by o and for j > 1, 4; is the number of cycles of
length j that appear when you express o as a product of disjoint cycles. Also, m is the
length of the longest cycle that appears in this product of disjoint cycles. For example, if

a=(341)(26)(79) in Sy (%)

then we have « expressed as a product of disjoint cycles and the cycle type of a is {2,2,1}
because there is one cycle of length 3, two cycles of length 2 when you express a as a
product of disjoint cycles in (x) and also « fixes two elements. The reason « fixes two
elements is because « fixes 5 and 8. The way to work out the number of elements fixed by
« is to see that there are seven different numbers in (%) and we are in Sy and so « fixes
9 — 7 = 2 numbers (in this case, the numbers 5 and 8).

Theorem 1.
If a, 8 € S, then « is conjugate to 5 <= « and S have the same cycle type.
Example 3.

Suppose a = (341)(26)(58), 5 = (265)(413), § = (12)(364)(95) in Sg. Then, the cycle
type of a is {2,2,1}, the cycle type of § is {3,0,2} and the cycle type of § is {2,2,1}.

By theorem 1, we get that « is conjugate to d and « is not conjugate to f3.
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Section 7.2 — Normal subgroups.

Definition 3.
Suppose H is a subgroup of G and € G. Then zHz~! is the subset of G defined as

cHe ' = {ayz~ 'y € H}

Definition 4.
Suppose H;, Hy are subgroups of G. Then H; and Hs are said to be conjugate subgroups
if there exists an € G such that

H2 = .CCHlili'_l

Definition 5.

Suppose H is a subgroup of G. Then H is called a normal subgroup of G if

H=gzHz ', forall ze€G

Example 4.

Suppose G is an abelian group and H is a subgroup of G. Then H is a normal subgroup
of G.

Proof.
If z € G, then

cHr ' ={oyz ™' :ye H} ={zz 'y:ye Hy={y:yc H} =H

Example 5.

Suppose G is a group and e is the identity in G. Then the trivial group H = {e} is a
normal subgroup.

Proof.
If z € G, then



rHx ' ={ayz ':yc Hy ={zex '} ={el=H

Example 6.

Suppose H =< (12) > in S3. Then, H is a subgroup of S3 but it is not a normal subgroup
of Sg.

Proof:
Let x = (123) in S3 and y = (12) in H. Then

ryr~' = (123)(12)(132) = (32) ¢ H

Now, zyxz~' € tHz~!. Hence H # xHxz~'. So, H is not a normal subgroup of S3
Remark 2.

Suppose H is a subgroup of G and x € G. Then 2zHx ! = H +—= zH = Hx.
Proof.

Proof of the = part: In this proof, note that A C B means that A is a subset of B. Now,
suppose tHxz~! = H. Then if z € xH, we get zz~' € xHz~! and so zz~! € H. Thus,
2 =z~ 'z € Hx. Hence, vH C Hx. In a similar way, one can show that Hx C zH and
hence we have tH = Hz.

Proof of the < part. Suppose xH = Hz. Then if w € tHz~!, we get that wx € vH and
so wx € Hx. Hence, w € H and so ztHx~! C H.

Also, if v € H, then uz € Hz and so ux € xH which means v € vHx~!. Hence,
H Cc xHx~'. Hence, xtHz~' = H and we are done.

Lemma 1.

Suppose H is a subgroup of G. Then H is a normal subgroup of ¢ <= zHz"! C
H, forallz € G

Proof.

Proof of the = part. Suppose H is a normal subgroup of G. Then xHz~! = H, for all
x€GandsoxHx ' C H, forall z € G.

Proof of the <= part. Suppose
cHx ' Cc H, forall z€G
So, if x € G, then 27! € G and so

v 'Hr C H because (z 1) '=u2

= z(z 'Hx)z™ ' c aHx™!

2



= HcCzHz !

= H=zHz !, forall z€@G

Thus, H is a normal subgroup of G.
Example 7.
Ay is a normal subgroup of Sjy.

Proof.

Suppose y € A4. Then zyz~' € A, for all € Sy because if x € Ay, then zyz~™! € Ay
since Ay is a subgroup of Sy and if x € Ay, then x is an odd permutation and one can see
that zyz—! € Ay.

Theorem 2.

A, is a normal subgroup of S,,, for n > 2.

Proof.

The proof is the same as in Example 7. Just replace A4 by A,, and replace Sy by S,.
Example 8.

Suppose H = {I,(12)(34)} in A4 and

V = {1,(12)(34), (13)(24), (14)(23)} in A,

where [ is the identity permutation in Ajy.

We will prove that:

(i) V is a subgroup of A4 and H is a normal subgroup of V.
(ii) V is a normal subgroup of A,.

(iii) H is not a normal subgroup of Ay.
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Proof of example 8.

(i) Note that V is a subgroup of A4 because V is non-empty and zy~* € V, forall z,y € V.
Also, note that H is a subgroup of V' because (12)(34) has order 2. We now need to show
that £(12)(34)z~! € H, for all x € V. You can check this for the four elements z in V.

(i) We need to show that xyz=1 € V| for all x € A4, y € V. Note from before that zyzr—!
is conjugate to y and hence has the same cycle type as y which is {0,2} for y # I. Now
note that the only elements of A4 that have cycle type {0, 2} are the non—identity elements
of V. So we have that

zyr eV, forall z€ Ay, yeV

and so V is a normal subgroup of Ay.

(iii) Let x = (123) in A4. Note that x(12)(34)z~! € xHz~1. However,
2(12)(34)z~1 = (123)(12)(34)(132) = (14)(23) ¢ H

and so zHx~! # H and hence H is not a normal subgroup of Ay.
Example 9.

Suppose G is a group. Then G itself is a normal subgroup of G. Combine this with example
5 to get that a non—trivial group G always has at least two different normal subgroups,
namely G and {e}.

Defintion 6.

A non-trivial group G is called simple if the only normal subgroups of G are {e} and G.
Example 10.

Suppose p is a prime number. Then Z, is a simple group.

Proof.

Z, has order p and so the only subgroups of Z, are Z, itself and the trivial group {0}.
Hence, the only normal subgroups of Z, are Z, and {0}. Thus, Z, is a simple group.

Example 11.

Ss is not a simple group.



Proof.

Use Theorem 2 to get that Az is a normal subgroup of S3. Also, A3 is a non-—trivial
subgroup and Ag # Ss.

Theorem 3.
A, is a simple group for all n > 5.
Remark 3.

Aj is non—abelian because (124)(123) # (123)(124). So, As is a non—abelian simple group
of order 60. It turns out that there is no non-abelian simple group with smaller order
than 60. It also turns out that if G' is a non—abelian simple group of order 60, then G is
isomorphic to As.

Lemma 2.

Suppose G, H are groups and f : G — H is a homomorphism. Then ker(f) is a normal
subgroup of G.

Proof.
We know that ker(f) is a subgroup of G. Suppose = € ker(f) and y € G. Then

flyzy™) = f)f(@) fly™) (%)

because f is a homomorphism.

Now

(%) = f(y)f(y_l), because x € ker(f)
= flyy™)

= f(eG) =€H

where e is the identity in G and ey is the identity in H.

Thus, f(yry~!) = ey and so yzy~! € ker(f). So, by Lemma 1, we get that ker(f) is a
normal subgroup of G.

Theorem 4.

G
Suppose H is a subgroup of GG. Then, H is a normal subgroup of G <= I is a group

under the operation

G
rxHyH = xyH, for xH, yH € T



G . .
T is called a quotient group.

Remark 4.

Suppose G is a finite group and H is a normal subgroup of G. Then the order of the
. G. |G . . .

quotient group Vi is E As mentioned in lemma 5 in chapter 4, we also denote the order

of % by [G : H| and it’s called the index of H in G.

Example 12.
Suppose H = {0,3} in Zg. Then H is a normal subgroup of Zg. The order of the quotient
group%is@zgz

H  |Hl 2

Z
and so EG is isomorphic Zs by theorem 1 in chapter 6.
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Remark 5.

One can use quotient groups and other ideas to prove that if G is a group of order p?, for
a prime number p, then G is abelian. So, 6 is the smallest order of a non—abelian group
because:

(i) |G| =1 =G is the trivial group which is abelian.

ii) |G| =2 = G is abelian since it’s cyclic because 2 is prime.
ili) |G| =3 = G is abelian as in (ii).

(
(
(iv) |G| =4 = G is abelian because 4 is the square of the prime number 2.
(v) |G| =5 = G is abelian as in (ii).

(

vi) S3 is an example of a non—abelian group of order 6.
Lemma 3.

Suppose H is a normal subgroup of G. Then, define

G

r— xH

Then, ¢ is a homomorphism and is called the quotient map. Also, ker(q) = H.
Proof.
Suppose z,y € G. Then

and so ¢ is a homomorphism.



G
Also, ker(q) = {x € G : q(z) = H}, because H is the identity element in T

Now,
qlx)=H < ztH=H < z€H

and so ker(q) = H.
Lemma 4.

H is a normal subgroup of G <= there exists a homomorphism with domain G and
kernel H.

Proof.
Proof of = part. Use Lemma 3.

Proof of <= part. H is the kernel of a homomorphism and so by Lemma 2 we get that H
is a normal subgroup of G.

Theorem 5 — First Isomorphism Theorem for Groups.

Suppose f : G — H is a homomorphism, Then

G
ker(7) is isomorphic to im(f)
Note that i is a quotient grou
Example 13.

Suppose G is a group with order 24 and f : G — Z5 is a homomorphism. Prove that
f(z) = f(y), for all z,y € G.

Proof.
Theorem 5 says that

ki(f) is isomorphic to im(f), which is a subgroup of Zs
er
So, |im(f)| =1 or [im(f)| = 5. If |im(f)| =5, then

kercg 7 has order 5

which is impossible because 5 does not divide |G|.

So, we must have |im(f)| = 1 and hence f(z) = f(y), for all z,y € G.
Chapter 8 — Finitely Generated Abelian Groups.

2



Lemma 1.

Loy, 18 isomorphic to Z,, X Z, <= m and n have no common prime divisors (i.e. m
and n are coprime).

Proof.
Proof of = part.

Loy, 18 cyclic and so Z,, X Z,, is cyclic too. Hence,
Loy, X Ly =< (a,b) >, for some a € Zy,, beZ,

We will prove m and n are coprime by contradiction. So, suppose m and n are not coprime.
Then, there exists r > 1 such that r divides n and r divides m. So,

m==kr and n=Ir, forsome [,keN

Now, o(a,b) = mn = kir? and so

kir?(a,b) is the smallest positive multiple of (a,b) that equals (0,0) in Z,, xZ, (%)

However,

kra=ma=0 in Z, and lrb=nb=0 in Z,
= klra=0 in Z,, and klrb=0 in Z,

= kir(a,b) = (0,0) in Z,, X Zy,

which is impossible because of (x) and the fact that kir < kir?. So, m and n are coprime.
Proof of < part.

Consider (1,1) € Zy, X Z,,. We will now show that o(1,1) = mn by proving (by contradic-
tion) that mn is the least positive integer such that mn(1,1) = (0,0) in Z,, X Zy,.
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Continuation of the proof of Lemma 1.
Suppose r(1,1) = (0,0), for some r with 0 < r < mn. Then,

r=0 in %,, and r=0 in Z,

and so

m divides r and n divides 7
Hence,

mn divides r because m and n are coprime
This is impossible because 0 < r < mn. Now
mn(1,1) = (0,0) in Z,, X Zy,
and hence o(1,1) = mn. So,
Loy, X Ly =< (1,1) >

and so Z,, X Z, is cyclic with order mn. Hence,

Loy, X Ly, is isomorphic to  Zp,p

Notation

The notation G 2 H means that the group G is not isomorphic to the group H.
Example 1.

(i) Zy X Z = Zoo because 4 and 5 are coprime.

(ii) Zy X Zg 2 Z24 because 4 and 6 are not coprime.

Definition 1.

Suppose G; is a group for 1 < ¢ < n. The product group G; X G3 X --- X G,, is defined by

1



GlXGQX"'XGn:{($1,$27...,In)I.TiEGZ'}

where the group operation on Gy X G2 X --- X GG, is defined by

(1,22, s ) (Y1, Y25 - - -y Yn) = (T1Y1, T2Y2s - - -, TnYn), for all z;,y; € G;

Lemma 2.

Suppose G; is a group for 1 < ¢ < n. Then

|G1 X Gg X -+ x Gy| = |G1]|G2] . .. |Gy

This says that the order of the product group is the product of orders of the groups.
If any of the groups G; has infinite order, then G; x G2 x --- X (G, has infinite order.
Example 2.

|Z3 x S5 x As| =54

Theorem 1 — Fundamental Theorem for finite abelian groups — Version 1
Every finite abelian group is isomorphic to a product of cyclic groups. In particular, if G
is a finite abelian group, then G is isomorphic to a group of the form

Zi”?l X Zp? X - X Zka (*)

where the p; are primes (which are not necessarily different) and «a; € N for 1 < i < k.
Also, |G| = pI"'ps?...pp*. Note that Ly in () above is the group Z, where ¢ is the
number p;*.

The order in which the cyclic groups Z: appear in (x) above doesn’t matter because

Ly X Ly =2 Ly X Ly, for all r;t € N. Furthermore, it turns out that (apart from changing
tho order in which the groups in (x) appear) no two different groups of the form (x) are
isomorphic to each other.

Example 3.

How many different groups are there of order 4, up to isomorphism? I will explain what
the expression 'up to isomorphism’ means, as we work out the solution.

Solution.

Suppose G is a group with order 4. Remark 5 in chapter 7 says that G is abelian. Now
theorem 1 says that

G =7y or GZ=7o X Lo ()

2



because 4 can only be written in two different ways as a product of powers of primes (where
the primes are not necessarily different), i.e.

4=2% and 4=2x2

(#x) above says that

G§Z4 or G§ZQ><Z2

Note that lemma 1 says that
Z4 % ZQ X ZQ

Hence, there are two different groups of order 4, up to isomorphism, and they are

Z4, ZQ X ZQ

This means that if G is any group of order 4, then either G = Z4 or G = Zs X Zs and
furthermore Z4 % Zo X Zy. This explains what it means to say there are two different
groups of order 4, up to isomorphism.

Remark 1.

Continuing on from the last paragraph in the solution in example 3, if there are k dif-
ferent groups of order m, up to isomorphism, this means there are k different groups
Hy, H,, ..., Hy of order n (no pair of which are isomorphic to each other) such that given
any group G of order n, then GG has to be isomorphic to exactly one of the H;.

Remark 2.

Example 3 classifies all groups of order 4 in the sense that we now know what every group
of order 4 looks like, up to isomorphism. We can now say that every group of order 4 is
either isomorphic to Z4 or is isomorphic to Zo X Zs.

Example 4.
How many different abelian groups are there of order 16, up to isomorphism?
Solution.

Suppose G is an abelian group of order 16. Before we use theorem 1, we look at how many
different ways we can write 16 as a product of powers of primes (where the primes are not
necessarily different) and the order in which the primes appear doesn’t matter. Well there
are five different ways and they are

16 =21 16=2x2% 16=22x22 16=2x2x22 16=2x2x2x2 (x*x)

Theorem 1 now says that GG is isomorphic to exactly one of the following five groups

Z24, Lo X ZQS, Z22 X 222, Zio X Lig X Zgz, Lo X Lo X g X Zig (>I< * **)



MT316A — GROUPS

Fiacre O Cairbre

Lecture 19

Continuation of example 4.

and so (G is isomorphic to exactly one of the following five groups
ZIG; ZQ X Zg, Z4 X Z4, ZQ X ZQ X Z4, ZQ X ZQ X ZQ X ZQ

So, the answer to the original question is that there are five different abelian groups of
order 16, up to isomorphism.

Notice that theorem 1 also says that no two of the groups in (% x %) are isomorphic to
each other.

Remark 3.

The fact that there are five different ways in (* * %) in example 4 of writing 16 = 2* as a
product of powers of primes (where the primes are not necessarily different and the order
in which the primes appear doesn’t matter) is the same as saying there are five different
ways of writing 4 (the power of 2 in 16 = 2%) as a sum of positive integers (where the
order of the integers doesn’t matter). The five different expressions in (x * *) in example
4 correspond to the following five different ways of writing 4 as a sum of positive integers:

4=4 corresponds to 16 = 2%
4=1+3 corresponds to 16 =2 x 23
4 =242 corresponds to 16 = 22 x 22
4=14+1+2 corresponds to 16=2x 2 x 2?

4=141+1+1 correspondsto 16=2x2x2x2

This will motivate definitions 2 and 3 below.
Definition 2.

Suppose m € N. Suppose c1, o, ..., cr are positive integers with ¢; < ¢y <... < ¢ and
m=c+co+- -+

1



Then, we say that {c1,ca,...,cx} forms a partition of m.
Example 5.

In remark 3 above we see that {1,3} forms a partition of 4 because 1 < 3 and 4 =1+ 3.
Similarly, {1,1,2} forms a partition of 4 because 1 <1 < 2 and 4 =1+ 1+ 2. In this way,
remark 3 shows that there are five different partitions of 4.

Definition 3.

Suppose m € N. The number of different partitions of m is denoted by p(m) and is called
the partition function of m.

Theorem 2.

Suppose m € N and
m = plipy? ... per

where the p; are different primes and o; € N, for 1 < i < r. The number of different
abelian groups of order m, up to isomorphism, is equal to

plaa)p(az) ... p(ay)

where p(a;) is the partition function of ay, for 1 <14 <r.
Remark 4.

You could try to show that p(7) = 15. I won’t ask you to confirm that p(10) = 42. The
values of the partition function get large very quickly. For example, p(22) = 1002 and
p(100) = 190, 569, 292. There is no known formula for the partition function. If you find
one, then let me know!

In the early 1900s, the remarkable Indian mathematician, Srinivasa Ramanujan, proved
some interesting results about the partition function. For example, he proved that if the
last digit of m is 4 or 9, then p(m) will be divisible by 5. There was a movie made in 2015
about Ramanujan’s life. The movie is called "The man who knew infinity’.

Remark 5.

Theorem 2 says, surprisingly, that the number of different abelian groups of order m, up
to isomorphism, does not depend on the primes p;. The number of different abelian groups
of order m, up to isomorphism, only depends on the powers «a; of the primes p;.

Example 6.
(i) How different abelian groups are there of order 125, up to isomorphism?
(ii) How many different abelian groups are there of order 343, up to isomorphism?

Solution.



(i) 125 = 53 and so, by theorem 2, the number of different abelian groups of order 125, up
to isomorphism, is equal to p(3) = 3.

(ii) 343 = 72 and so the number of different abelian groups of order 343, up to isomorphism,
is equal to p(3) = 3.

Remark 6.

In example 6(i) we showed that there are three different abelian groups of order 125, up
to isomorphism. If we wanted to write down three different abelian groups of order 125,
up to isomorphism, then we can use theorem 1 to get

Z125 fI‘OIIl 125 = 53
Zs X Zos from 125 =5 x 52

Zs X %5 X Zis  from 125 =5Xx5x5H

Example 7.
How many different abelian groups are there of order 720, up to isomorphism?
Solution.

720 = 24325 and so the number of different abelian groups of order 720, up to isomorphism,
is equal to p(4)p(2)p(1) = 10.

Example 8.
(i) Prove that there are three different abelian groups of order 40, up to isomorphism?

(ii) If G is an abelian group of order 40, then how do you determine which of the three
groups G is isomorphic to?

Solution.

(i) 40 = 235 and so the number of different abelian groups of order 40, up to isomorphism,
is equal to p(3)p(1) = 3.

(ii) Use theorem 1 to get the following three different abelian groups of order 40, up to
isomorphism.

Zs x Zs from 40=2%x5
Zo x Ty xZs from 40=2x2%x5

Zio X g X g X s from 40=2x2x2x5



No pair from these three groups are isomorphic to each other. Now, suppose G is an
abelian group of order 40. We know that G is isomorphic to exactly one of the three
groups above. How do we determine which of the three groups G is isomorphic to?

It can be useful to look at the orders of elements. If two groups are isomorphic, then given
any positive integer n, the two groups have exactly the same number of elements of order
n.



MT316A — GROUPS

Fiacre O Cairbre

Lecture 20

Continuation of example 8.
Note that only one of the three groups above has an element of order 40 because if a group
of order 40 has an element of order 40, then the group is cyclic and we know that there is
only one cyclic group of order 40, up to isomorphism. The only one of the three groups
above that has an element of order 40 is

Zg X Z5
because

Zg X 75 = Zy4y  which is cyclic of order 40

So, if G has an element of order 40, then G = Zg x Zs

Now, if G doesn’t have an element of order 40, then either
G = 7o X Ty X Zs
or
G =2 7o X Lo X Lo X Zs
Now, Zo X Z4 X Zs has exactly three elements of order 2 and they are the elements
(1,0,0), (0,2,0), (1,2,0)

Also, Zo X Zo X 7o X Zs has more than three elements of order 2.
So, overall we have the following:

(a) If G has an element of order 40, then
G =7Zsg x ZLs
(b) If G has no element of order 40 and has exactly three elements of order 2, then
G X279 X7y X s

1



(c) If G has no element of order 40 and doesn’t have exactly three elements of order 2,
then

GgZ2XZ2XZ2XZ5

Definition 4.
A finitely generated group is a group that is generated by a finite set of elements.
Example 9.

(i) Every cyclic group G is a finitely generated group because a cyclic group is generated
by a set consisting of one element.

(ii) Every finite group G is a finitely generated group because G is generated by the set G
itself.

(iii) Z is an infinite group that is a finitely generated group because Z is cyclic from before.
Example 10.
7. X 7. is a finitely generated group.
Proof.
We will show that Z x Z =< (1,0),(0,1) >
Well, if (a,b) € Z x Z, then
(a,b) = a(1,0) + b(0, 1)
and so we see why

7 x 7 =< (1,0),(0,1) >

So, Z x 7 is an example of an infinite group that is not cyclic but is finitely generated.
Example 11.
Consider the group

LXTLXL X X1

where we take the product group of Z with itself finitely many times. In a similar way to
example 10, one can show that

LXLX XX
is a finitely generated group. For example,
Z x7Z x7Z=<(1,0,0),(0,1,0),(0,0,1) >

2



Example 12.

Consider the set of rational numbers Q = {% :a,b € Z, b # 0} which is group under
ordinary addition. We will prove that Q is not a finitely generated group.

Proof by contradiction.

Suppose Q is a finitely generated group. So, there is a finite set C' of rational numbers
such that Q is generated by C.

Suppose

a; az (075

C:{bl,bQ,...,E}

1
Every element in < C' > is an integer multiple of 7 where h is the least common multiple

of by,bs,...,b,. To see this, consider any element x €< C >. Then,

n
a; .
x:Zk’ib—:, for some k; €7, 1<i<n
i=1

=
=1
= %, for some w € Z

18

1
So, every element in QQ is an integer multiple of 7 but this is impossible because 1

. . 1
not an integer multiple of 7

We have a contradiction and hence Q is not finitely generated.
Notation.

We denote

LXLXLX - XL ()

by Z' if (*) is the product group of Z with itself ¢ times, where ¢ € N,
We also denote the trivial group by Z".
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Remark 7.

From example 9 we see that every finite abelian group is a finitely generated abelian group.
The following theorem will generalise theorem 1.

Theorem 3 — Fundamental Theorem for finitely generated abelian groups.

If G is a finitely generated abelian group, then G is isomorphic to a group of the form
Lyper X Lz % -+ X Lyow X L (%)

where ¢t € NU {0} and the p; are primes (which are not necessarily different) and a; € N
for 1 <3 <k.

Remark 8.

If G is a finite abelian group in theorem 3, then we get t = 0 and we have theorem 1. If G
is an infinite abelian group that is finitely generated in theorem 3, then ¢t > 0.

Chapter 9 — More on Matrix Groups.
Section 9.1 — Linear Transformations.

Definition 1.
Define

R" = {(x1,22,...,2y) :x; € R} for neN
Addition on R" is defined by
(1.171.27"'7‘%‘71)+(y1’y27"'7yn):($1+y17x2+y27"'>xn+yn)

Scalar multiplication is defined by

k(xy,zo,...,x,) = (kxy, kxe, ... kxy,), for keR

Definition 2.

The function f: R"™ — R" is called a linear transformation if

1



f(ku+hw) = kf(u) +hf(w), forall w,weR", khecR

Example 1.
Suppose M,, is the set of n x n matrices with real entries. Suppose A € M,,. Now consider
u = (uy,us,...,u,) € R" as a column vector which means we consider u as
Ui
Uz
g =
u’)’l

In this way u can be considered as an n x 1 matrix so that we can perform the matrix
multiplication Au which will produce an n x 1 matrix which can be considered as an
element of R" as above.

Now define

fiR* 5 R"

u— Au

One can show that f is a linear transformation.
Definition 3.
Suppose u = (u1,Us, ..., uy) € R" and w = (wy,ws,...,w,) € R"

Then we define
UW = UTW1 + U2W2 + - UpWy,

and this is called the dot (or scalar) product of u and w.

Also, we define

lul| = \fu? + w3+t 2

and this is called the length of w.
Example 2.
Suppose u = (0,1,3,—2) and w = (—2,0,3,2) in R*, then

uw =5

2



lul] = V14 and |jw|| = V17

Example 3.

2 -1
3 2
f is a linear transformation.

Suppose A = > in example 1. Find the corresponding function, f, and show that

Solution.

We have that

f:R? » R?

u— Au

and so

w

Uz
. 2’LL1 — U2
N 3u1 + 27J,Q

So, we can consider f as the following function

Flun, ug) = (2 _21) (“1) where u = (uy, us)

f:R?* » R?

(uy,u2) — (2ug — ug, 3ug + 2us)
Now, to prove that f is a linear transformation we need to show that
flku+ hw) = kf(u) + hf(w), where w,w e R? k,heR
So, let u = (uy,u2) and w = (wy,ws) and we have
f(ku+ hw) = f(k(u1, uz) + h(wi, w2))
= f(kuy + hwy, kus + hw,)

= (2(]{7U1 + hwl) — (kU/Q + hwg), 3(]671,1 + hwl) + Z(kuQ + th))

= ]{7(2U1 — U9, Uy + 2’lL2) + h(2w1 — wa, 3wy + 2w2)

3



= kf(u17u2) + hf(w17w2)

=kf(u) + hf(w)

and so we are done.
Remark 1.

We can generalise the proof from example 3 to show that

f:R" - R"

u— Au
is a linear transformation where A is any n x n matrix, as follows:

f(ku+ hw) = A(ku + hw)

= A(ku) + A(hw)

= k(Au) + h(Aw)

= k(f(w) + h(f(w))

and we are done.
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Remark 2.
Recall from section 5.1 that the orthogonal group O(n) was given by
O(n) ={Ac M, : AAT =1I,}
We will now look at some geometry related to the linear transformations corresponding to
the matrices in O(n).
Theorem 1.
AeO(n) < (Au).(Aw) =uvw, forall wu,weR".
Proof.

Proof of the = part.

We first note that we can express u,w € R" as column vectors

Ui w1

U2 w2
u= w =

UTL wn

So, in this way we can consider u and w as n x 1 matrices as well as vectors in R"™. Then
we have that

ww=u"w (%)

because the left hand side of (x) is uywy + uswsy + - - - upw, and the right hand side of (x)
involves the matrix multiplication

w1
w2
w = (uruz ... u,) ) = ULW] + UsWsy + - - UpWy,

QT

Wn,
Now, we have that A=! = AT because AAT = I,, and so

1



(Au).(Aw) = (Au)" Aw

=ul AT Aw because (Au)? =ul AT

Proof of the < part.

First one can show that if a.b =0 for all a € R", then b = (0,0,...,0). One way to see
this is to note that if e; is the vector with 1 in the it" component and zero in all the other
components, then

and so b = (0,0,...,0)

Now, for all u, w € R", we have

= ATA=1, by letting w=¢; for 1<i<n

2



= A e O(n)

and we are done.

Theorem 2.

A€O0n) < [[AW)| = [lul| forall weR"
Proof.

Proof of the = part.

First note that

ww = |[w|?, forall weR"
Next we have, for all u € R",

[A@I* = Aw)-A(w)
= w.u from theorem 1
= [|ull?
= 1 AW)[[* = |lul/”

= [[Aw)|| = |[u/|

and we are done.
Proof of the <= part.

First note that we have
|A(u 4+ w)|| = |lu+wl||, forall u,weR"
and so for all u,w € R"

JA(u + w)|* = [Ju+ wl|?

= Alu+w). Alu+w) = (u+ w).(u+ w),
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Proof of the < part in theorem 2.

First note that we have

|A(u + w)|| = ||lu+ w||, forall w,weR"

and so for all u,w € R"

JA(u + w)|]* = [Ju+ wl||?

= Alu+ w). Alu +w) = (u+ w).(u+ w),

= A(u).A(u) + A(u). A(w) + A(w).A(u) + A(w). A(w) = vu+ vw+ wu+ ww

= [|A@W)]]* + 2A(w). A(w) + ||A(w)|]* = |Jul]* + 2uw + ||w]|?
= 2A(u). A(w) = 2uw
= A(u).A(w) = vw

= A € O(n) from theorem 1

and we are done.
Remark 3.

The distance between two points u,w € R"™ is ||[u — w||. We will now see that linear
transformations corresponding to the matrices in O(n) will preserve the distance between
points in R", i.e. we will show that

A€ On)=|lAw) — Aw)|| = |lu —wl||, forall uw,weR" (*)

1



Proof of (k)

[A(u) — A(w)]| = [|A(u — w)]|

= [lu —wl|

and so we have proved (x).
Remark 4.

A function from R" to R™ that preserves distance, is called a Euclidean isometry. The
previous remark shows that the linear transformations corresponding to the matrices in
O(n) are Euclidean isometries.

Remark 5.
If u,w are two non—zero vectors in R", then one can define the angle 6 € [0, 7] between u

and w and also one can show that

u.w
cosl) = ——— ()
[l ]

This angle will correspond to our usual notion of angle between vectors in R? and R®. We
say u and w are perpendicular (or orthogonal) if the angle between them is g One can

then show that v and w are perpendicular <— wu.w = 0.
Remark 6.

Theorems 1 and 2 and (*) in remark 5 show that linear transformations corresponding to
the matrices in O(n) preserve angles between vectors in R"| i.e. for all A € O(n), if 6 is
the angle between u and w, then 6 is also the angle between A(u) and A(w).

Renark 7.
Here is a proof of remark 6:
Proof.

We need to show that if 0 is the angle between any two non-zero vectors u, w in R" and
if « is the angle between Au and Aw, then 6 = «.

Now, (%) in remark 5 implies that

cosf = ¥
[|ul|[]al]
Au. A
S by theorem 1
[l |f]a] |
Au.Aw
= — by theorem 2
|| Aul ]| Aw]|



= cos « by (%) in remark 5

Hence 6 = a because 6, a € [0, 7] and we are done
Remark 8.

The reason O(n) is called the orthogonal group is because linear transformations corre-
sponding to the matrices in O(n) take orthogonal vectors to orthogonal vectors, i.e

uvw=0=A(u) A(w) =0  (*x)

Note that (¥%) is true from theorem 1.
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Homework 3

Due by 4 p.m. on November 11, 2022.

1. In each case below, state whether the statement is true or false. Justify your answer in
each case.

(i) Every group of order 31 is abelian.

(ii) Se has an element o with o(«) = 720.

(iii) There is an element x in an infinite non—abelian group with o(x) = 2.

2. Give an example of a non—abelian group with order 36. Justify your answer.

3. Suppose that H is a subgroup of a group G and suppose x,y € G. Prove that either
xH =yH or xH NyH = ¢.

4. Suppose K; and Ky are subgroups of a group G with |K1| = 8 and |K3| = 15. Prove
that Ky N K5 is the trivial group.

5. Prove that Zs x Z is not cyclic.

6. In each case below, state whether the statement is true or false. Justify your answer in
each case.

(i) GL(3) is not cyclic.
(ii) There is an element in O(2) that is not in SO(2).

(iii) A5 has an element with order 7.
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Homework 4

Due by 4 p.m on December 2, 2022

1. In each case below, state whether the statement is true or false. Justify your answer in
each case.

(i) A4 X Zs is isomorphic to Zy X Zg.
(ii) Every group of order 17 has an element of order 17.
(iii) There is an infinite group with an element of order 4.

2. (a) Consider the symmetry group of the square, which we called the dihedral group Djy.
Is D4 abelian? Justify your answer.

(b) Using the notation in example 6 in lecture 11, prove that Dy =< 7,09 >.

3. Consider the permutations o = (216)(342)(78) and § = (261)(75)(438) in Ss. Is «
conjugate to 87 Justify your answer.

4. Give an example of a function h : D3 — GL(3) that is not a homomorphism. Justify
your answer.

5. Give an example of two groups of order 54 that are not isomorphic to each other.
Justify your answer.

6. Prove Lemma 7 in lecture 14: Suppose f : G; — G4 is a homomorphism. Then, prove
that ker(f) is a subgroup of G; and that im(f) is a subgroup of Gs.

7. For each of the three groups, S7, Z7, Z, determine whether the group is simple or not.
Justify your answer in each case.
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Homework 1, 2022

Due by 4 p.m. on October 7, 2022.

1. Suppose Q is the set of rational numbers and suppose A = {x € Q : x < 0}. Also,
suppose + denotes the usual addition on A. Is (A, +) a group? Justify your answer.

2. Suppose W = {z € R : & > 0} is the set of positive real numbers and suppose * denotes
the usual multiplication on W. Is (W, %) a group? Justify your answer.

3. Find the order of each element in Zg.

4. Find the inverse of each element in Zg.

5. Prove that the following cancellation property holds in every group (G, *):
If a,b,c € G and a*xb = a *c, then b = c.

1 0 0 1
group GL(2). Justify your answer in each case.

6. Find the order of (0 1) in the group GL(2). Also, find the order of (1 3) in the

7. In each case below, state whether the statement is true or false. Justify your answer in
each case.

(i) Every subgroup of an abelian group is abelian.
(ii) Every non—trivial subgroup of a non—abelian group is non—abelian.

8. Prove that (zy)~! =y~ 1z71, for all z,y in every group G.
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Homework 2

Due by 4 p.m. on October 21, 2022

1. In each case below, state whether the statement is true or false. Justify your answer in
each case.

(i) « € Sg isodd < a? is odd.

(i) « € Sg is odd <= a~! is odd.

(iii) There is an z in some group G that satisfies o(z) = 2 and z* = 3.
2. Identify the orders of all the elements in Zy X Zs.

3. (i) Is AU B a subgroup of G for all subgroups A, B of every group G?7 Justify your
answer.

(ii) Prove that H N K is a subgroup of G for all subgroups H, K of every group G.

cosf) —sinf

4. Consider the 2 x 2 matrix Ay = )
sinff  cosf

Then,
(i) Prove that H is a subgroup of GL(2).

) and let H = {Ap : 6 € [0,27)}.

(ii) Is H an abelian group? Justify your answer.
5. (i) Prove that S3 =< (1,2),(1,3) >
(i) Is < (1,2),(1,3) > a minimal generating set for S3? Justify your answer.

6. In each case below, state whether the statement is true or false. Justify your answer in
each case.

(i) {x € G : o(x) < 2} is a subgroup of G for every non—abelian group G.
(ii) {x € G : o(z) < 3} is a subgroup of G for every abelian group G.

7. Suppose a = (125)(24)(314) in Sg.

(i) Express a as a product of disjoint cycles.
(ii) Find o(«)

(iii) Find o3
(

iv) Is a~* an even permutation? Justify your answer.



