


Ptcarol’s Ldtle Theorem (4879)

Lelt £ be .a. mer*omorfhtc/ function

on C. Suppose flz)#a, b c +for
Ze €, where g, b,ce € are distnct.
Th&n f s constant.

In other werds, @& noncenstant

meromerphe function on € tahes on
&V?—V‘r vq(u,b m e e,;d’ended wm.’:‘e—ﬂ
P\O\M’r with ot mest dwo &XCePhons.

Picardrs Q_\g Theorem (1850)

A franscendental Cre., nonvahenal)
Merow\ovr)\\c. -Fwwhon on d: +wﬁ25

Onh every velue wm @ mfvm"'e'y e”‘e'\,
| W\’k, ot wmest Hwo e,x(_gr‘hol«s

EXQ\V\P‘QS e:z; Q(z} e'\,(z)
Q rational, h entire




-F#[z) = Jum K (£(zel), $(2))
h-3o Il

1$'R))
A+ |£(2))*

G (z) #00)

e
-



A -Fawu)y J of functions mer.
on De € s NORMAL on D

f each sequence ¢f,}¢3 has

a svbsec,ve.nu— which converges
)C-um-form)y on compact subsets

of D.

Remarks. 4. Limit funchion 1s
mvomor?k\c mn D (or o).

2. For families of M\al¥‘hc funchons

vec,mv‘emenf 1S e’mva)enf\ o existence

of a subsequence which either conergs

| \Jmf'orm)y on umfac}q, ov dtverdes

vmf-orm\y on comfmd'q.

3, Parad\jm"m NON normal -FamJy:
J:5n20 on A=ilzlcal



Normalcrf = (’:re)comfo.ch\ess

= e7utcon." nwlfy oh
comp acta

= uwnvbe Pu\!y bounded

p R
devivatwes” (on

co mlaa.d'q)

MARTY'S THEOREM e

A -Famly F o funchions Weromovp hu
oh Dc € s normal en D (f and ou!/v

¥ for each con?uf set KeD fhere
Cexisls o constant M=MIK) such that

$¥(2) ¢ M(K)
for all z2e K and all fe &



Montel’s Theorem . The collechon 3

oF ol 'merémovrh\c fonchions W]N\c:\lq,

omT f"kre,c, #\xed- values a, b, C e C

on a domawn DcC s o normal -fama)y
on D.

M entel s Theovem

By Picard Theovem

g
Little Prear d Theovem



BLOCKH'S PRINCIPLE

Let P je 4 Frore.vry which

forces o ‘m.erom.orfktc, .

funchion on C 4o be conslant
Then iy ‘Pamuly o7 funclions
- Meromovphlc on o common
domaw D, all of which
have P on D s

[&PT fo be] mowa on D



Montel’s Theorem. The collechon 3

ok all merdmovrh\c, fonctions wk\c;\h,
omT Fhree fixed values a, b,c e @
on a demam D C s o Nnor mal 'aeam?y

on D.

/ W’":? Mentel's Theovem

Picard Theovem

THO®
3
A
€5 &€
___.‘
ST
8
<
©
¢




HAYMAN'S ALTERNATIVE (1959)

Theorem A. Let £ be o transcendental
meromsr phic function on €. Then erther
(L) £ assymes each valve ae €
mﬁml‘ll\/ offen, or
) ' assumes each valve be€\$o}

mfm tTel\/ often .

Remavk . CO'\S\JU"W\j 357-)= [Fl‘z)'&]/b
Shows Hat one can take a=o and b=q

z y .
EXQmple,s= e” z+e

Remark . n faet, (u) can be Shevﬁﬂaened to

(ad') £® assumes each value be(l."{o}

Mmdef/ oftey for each k=1,2,3...



Theorem  ( Hayman 1957)
Let £ be o wevoworphe Funchon
on @ such Hhat

() ) =0

(2) £lz) +4

for zeQ.. Then 15 constant,

Theorem (6w 1979)

Let ¥ be o :F'amtly of mevomor

funchons on D . Svppese
Hat

W) £ =20
(2) $(2D)+14

~ Sor ol fe F ond all zeD.
 Then F s o norma) '?'a»u')r
on [.



MM (\l\/a.nﬂ- Fa.nj 1 13)

Let £ be o meromorphic functon
on @ Svch that

@) d.\l, 2ev0s o€ £ have ’Ilw"c’;'wt,&j
(2) £(2) +4

for ze@.. Then f15 c onstant,

Theorem (Wang-Fang 1942 )
Let # be o J‘Amdy WENDMON

funchons on D c . Svppose
Hat

(1) all zeves of £ have molhrlujly 73
(2) $(2)+1
Sor oll £¢ F and all zeD.
Then F ls a hof‘m\ﬁm',
on D. |



Tl\.wr&w (Wa.nd-Fa,‘\(’ p"g)

Let £ bé. a transcendental
'Merom.orrklc. fonchon on @

oll of whose zeves have
wlhrhut7 23 Then £’

MLES on ever/ MONZEN O Compl?—x

valve mﬁmfaly oFten .

Qb\zsﬁoh-: Can. one Vt’)(a‘,& 3
wm e above theorems 57 27




M 1. Let
f(2) = (Z“O.)z

o asb
= 2+ (b-2q) + (a-b)*
y £ -
Then
$(2) = 94— Ca-b)* * )
(z-

Thos o meremorphic fonchon.
e, C‘ all of whese zevas are
“w-l*tflb, whieh satsfies £ @1

for all 2eC meed NOT de
Constant.



e CNeok
. f,(z)= (z=¥)
(z-ax)

Them ‘F*(z_)z Z + di
| | Z=Ar

S0 ‘P.gl(l\¢4 for zeC.

But the ‘)caumly 3 s cleowl),
"'w* eﬂmcon{'m\»ous ai' o,
se F s meft Mormal ew
S ony domain contwning o .

Thus one canNOT v‘e.Pla.ce 3 b)r

L w the Wang-Fang geneval-
Zahon of 61:?3 .&t'egren.



The order of an entire function £ 1S
o= ]'mSUP lc_ifgj M(v),
r—2 00 fog -

wkére MG) = max [$(2)]
lz| sv

The order of o meromorphnc. function £ 1s

f‘-‘-‘ IIMSUP léin(r)
Y —peo 10_9"

w here To(r) = yor S,_%') dt

)

and  SIO= L[ (] dedy
(zl< t

TS -F# s bounded on G:, thew £ has
or der f L0 A



Thearem.' L&+ -!é bg o

+ Yons CeJ\J Ch"’d-l - MEeYOmMmD V'P‘“.C
funchion. on € of Fimle
OV'cler, ol of whose zZevos are
muﬁ\fle-. Thew £' takes on

every monzero valve (¥

nf md‘elr often.

T'\I.S -Folbws ‘FVDM
Theovem (Beﬁwe\kre Eremes)

Let § be a franscendental
Mev-omrluc fund'lon. ONn c oF
finute ovder which hos an

- mfinte nomber of wwHtrle.
Zevos. Then ‘f' tales on
P_very nonzeo Value in C

“\F!mfdy often, .




Howe.var, +he Berjwulef— Evemenke
theoveme 15 NOT true Fcf functions

of mfite order.

ExamPlt—. [et
Z
£(2)= 2+ o.S; e“"s d5

)

whevre 4+ab=c and 4*&6":0

(choose b sveh that b=ed and a: "‘/B.).
Cet wee’ so that d3= clw/w. Then

flzvami)-$(2) = 294 + a.S —_ dw

r"

= 294 (1+ab) =0,
so £ has perod 2w4 Clearly, flo)=o.
Swee fll2)= 1+aexp (be™2z), £'lo)=4eaeb=0
Thys § has multiple zeres at amile, ke Z.
But »c,leawly £ (2) 4 .



HQW o preve the Theorem for fmJIhFlguT7 >3
(but et for mdhrl\mTy 232) assuming e

result on mormal £amilies

SvPFose all zevos of £ have 'mvlh)ohc.lry Z3
but § Takes on some nonzevo value, say 4,
Dnly f'mtTa!y often.. Then £ has mfmile ovder.
So *(2) 1s unbovnded on €. Thus Hhere ewst
2,30 such hat flz.) — oo .

Lonsider F = {fn?{ on e wut dusc A, wheve
f.(2)= £(z+2,). Swmee £,(2) =F'(z+zn) #1 on JA

for m2N and all zerss of £, have 'mulh’;l\c.\T
23, 3 s normal on A. Bul ‘Ff%)“ac#lzu)_’w;

whiel  onbradicls  Mar T\/‘s Theovem. .

Remavrk . Ths ProOf' Fails u.ﬁe.rly W we assome
only 'mvl‘hfhuTy z 2 as o Famly of
meromorphic funchons all of whose zeves are
’M.JU'}Flc, and sveh Thal Fl2D)+4 for each
mchon w e ansly and each Pomf i the

dewaan s NOT ’neu.SSa.nly Nnorwal .

A



Q ua.smarma,h‘l’y

A ‘Fam!y F of Ponchons MEro -
"Mor')klc. on o flqne. domain Dc €
\S qoo..sn\avml on D £ Arom
each Sea'vcme 3.9.\} c3d one can
extvact o vas¢1\\euu $£,

75 |
w e h Converges locally vnt;orn)y

en D\E with vesred b the
Srkev\ca\ metric wheve EcD
(whieh Moy de.rmd on QFM}) has

ne accuwmslahion Pom"' m D,

£ E con erays be chosen o
Contain Mo more than K ‘oom'l':,

F s sad b be quasmorme ot
order K on B

Exomple Snz} 's net normal on

Qlzleaf, but 1t s ?uasmorml
0" @"’d&\f A ﬁere.



Theovrem  (Neve-Pang- Z) ket F be

G Fam\ly 0{' "neromo\i‘])‘\\c_ ‘FUY\C."IDVLS on DJ
all of whese zeres ave -mulh]yle. TF fr

ecach fe 3, F41 for all zeD, then

F g afu.asm.orma' of order 1 on D,

E%Qﬂa}ple—.. let D=22: 2<lzl<d} and
let F:= 3£}, where £fil2)= z"-3"

Then £ ()= N2 21 for zeD. No
swhseqvence: of €6} can comerge wnformly

on o mt\jkborkood of any pont of {z:[zl=3]
Thus F 15 net 7uasmorml on D. Ths shows
Hat  Theovem 2 15 met frve wihheo? the

hypoﬂ\ems b‘F 'mu“tple_ Zeve s .

19



[ heorem1( Nevo -~ Pcmj -7) The

devtVa‘nve, e-f o i'rdmcendener 'me.romor[oh.tc_
fundion on C, all but fmdzl}/ many of
whese zeros arve f‘m.ulﬂ,)‘e_, takes on every

honzZereo C,omP'E.K value 1V\(:m\fc ’y opfe_n.

COVOllqry £ £ 1s 4 transcendental

‘me,vumar]akw_ Funchon own d:} then £'£"

Folies on eve,wy MNONZEND cow\Ple)c value

lnF!n;Té.ly ofTen fov each ne[N.
Blenls (™) g0’

20



lh&DTe_m L.@‘} 'F bhe a ‘i‘rangce;ndahfa'
me,romor)ohu_ funefion on (l:' al oF whose

ZEYOS Qvre '\mu[h})l&.‘ Tf\e,r\, )C' 'f"a.L?-S on
every monzero value o €

Pr‘oof, SUPPDSQ_ 'no‘i‘) Say —P’[z)¢4} 7 &l
Then ce.rTa.mly £ has mfnute ordey, S
Fhere exlsT Zn— such that 70="*(;,,)——>e
Consider e *Famaly of funchens F=3f,
where  $0(2) = £(zaD/zn, o0 €. Then
{‘n, kas on'y 'mvl‘}\}ﬂe, Z7.Eeres oOn 02 ami

-Fi(z)-:g'(z,\—z)d:/q on C. Thus F s
ctuasmwma) of ovdev 1 on O .
On the other hand for 1z.l721,

R - G 1HE)

=l T gl
39, b)’ Marfy"s Theorem, no $\A‘oSecr;cnc2_
of F can be mormal of z24.

= #i(zn.) P



Smulqr'y, for each & yo ond |2_n[>//1,

Sup -Fn#(zj = Sup (20 2)]

l21ee e 1+ ] i
| Zn !
(
> <o | £ (z02) |

[?_lfe 1+ l ‘F(Zuz),L

= s ) > o,

s6 that me %u-bSQﬂve.ncc of F can
be mormal af T8 Thus, the
‘Fawu\y - 4 canno“’ he C}VQSmormoJ @ﬁ
OVdf/‘” 1 on any doM,a_n\ wu"‘ammg
He Pomh O and 4, a contradichen .



Tke_orem, (Nevoﬁpanj‘-Z) et £ be
@ transcendental meromevphic funchen,
all but -Fmd‘dy Many of whose zeres are
'W\.M-H’\P\e,, O.Ml 1€.T R %o be a raﬁona‘ FU'\U\'O'
Then £-R vanishes IV\Flth'y often on C .

7173



_A Natural Question

L—B.} # be/ L TPO\V\SLCV\(JCV\TQ]

Mmevo morfmc, funehion on I

all  (but th‘h)y mahy) o+ whose
Zeros ave- MuH’lﬂe. MusT —ﬁCk)

to ke on every honzevo camplex
value m{-’m(’rel)/ often ALox
| K=2)3, ke



THE EVIDENCE

(D It all zeres of £ have mdtpledy > 3,
thew £ Takes on gach nonzero aém[alex
value mﬁmlfe_')y often  for k2 2.

HOWEVER,

@ The Proo)c of e previevs statement fails
Comple,l‘e,l7 when the mu.!ft}v’mz‘ry LS onl/ za.

MOREOVER,

@ A Fam\,y F of funchons meromow[:hm
awn DC-‘@) C\.U_ of whese. zevos are mu”'tpla
omd svch  Hhat f"”:{‘ﬁ; on D for each feF
need 2}_5_3 be .Tuq,smorm! cmD of avxy
le'tf/ ovdev .

ON THE CTHER HAND;

a



T\rpe_orc.m,. 1£ £ s o Franscendentsl ?we,romorfalr\\c

bunction of Fimle order, all of whose zevos are
N.u.\hr\e., and 22, then £ takes on cach
Nonzero cempler value \»\Fm\‘\'dy often .

Proof-; SU.PPGSL Hhad :ctulz)m\ only :‘-m\’l'e.ly eflen .
Lf £ has emly «Fm\Te.ly many poles, hen

‘; (k) P)

)

(z) = A+ R(z)e

wheve K s a ra.f‘\.ono.\ :Fvwd\ov\. ewl Pua Palyi\om\.
In s case, o d&m“'qry calevlahion leads T a
Contradichen .

Oterwise, £ hag \mcm\Te,,y many Pole.s.
However, GcLor ding o o. Thesvem of La.wjley,
o Meromorphic fumchion g of finle ovder sueh
hwd' gu‘) has owly ffmd'e.ly Mﬂy zeves ;For' Some.
k72 has only Fmd‘e)7 many Pole.s Afplyul? M

resvlt o glz)= $z)- '-‘:!z‘“ yields a tondvadichon.

(.NoTc, Mol the h Po“a.e-SlS of "M.\Jﬁ'tfale zerol was
het wused ke.ve..y

Uh.Foffquel ’ Lava\e.y’s vesult does NOT hold
- for ’mz,rom.ozf;k\; fonchons of mPmte ovder.



Tl’\u,s, he e\Ildence, Seems eauwocah at
hest. aneﬂxelcss, t turns vt Hat
the aycs have 1t:

—“\eaam. lLet £ be o transcendental
h\e\ramovf'nc vahau,, all but Fmdely
many of whose zeves ave my ltple, Thep
_F(h)

tokes on each monzevo wmp'ex numbey

levmfe\y often Ffor k=4,23 ..o

2 7))

Ths has been shown b): 'Mmj)zmﬁ
Fang and Yofer Wang, who derwve
the result m qul). shraght fovwar d
Pashion From an mequaly proved
fhe bfeqLﬂ\roujk paper of Yamanol,
m which he proves Ihe Gol‘dber\;’

Co vzje.d‘v re .



Shahar Nevyo, 'Xugd\enj Pamj, and Lawvence
'Za‘!»Cmm\,, &u.c\.smovmhry and ‘Mmm,o"rluc

funchons with .”wl-hrh. Zevos, Journal

d’ Anclyse Mathematigve 4od (:wo"), 1-23.

_ — DCrWa"’WCs O.F meromor’:hic_.
funchons with 'nwlhple, 2evoes and vahonal

functions, COMPvd'ahom[ Metheds and Function

Theovy 3 (2008), “483-49)

Ka*SuTosM qu\anoi, Zevos of-' )\lj)\-er dewva‘hves
of Mevomor phic fumchons m e complext plane,

Proc. kondon Makh. Soc) 166 (zoas?, 703-730.




Ml‘rtgltanﬁ ':avB and Yufe Wanj) A note on

the couﬂec'lbres o Haymcm, Mues and

G’O(‘Jbe{‘j, Com'pu"'aho‘na) Neﬂwds and Fund"wn
Theory, to oppear.




