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Here p is a rational prime and k is an algebraically closed field of characteristic p.
Also G is a finite group and H is a subgroup of GG. All algebras and modules are finite
dimensional.

Lemma 1 (Morita?). Let A, B be k-algebras. Then A &y B is quasi-Frobenius iff both A
and B are quasi-Frobenius.

Question 2. Let A, B be k-algebras. Then A ®; B is symmetric iff both A and B are
symmetric?

Lemma 3. G = N ® P where N is a p'-group and P is a p-group. Let b be a block of N
and let B be the unique block of G covering b. Suppose that D < P is a defect group of
B. Then

BY =P @ kP.
So BT is q.f. iff b¥ is q.f.

Question 4. Suppose that G is p-nilpotent, and that B is block of kG with a defect group
P that is a Sylow p-subgroup of G. Is BY symmetric or quasi-Frobenius?

Lemma 5 (Allan). Let P be a cyclic p-group, and let M be a kP-module. Then Endp(M)
1s symmetric iff M is ‘“isotypic’ as kP-module.

Proof. Jordan form theory. O

Example 6. Let N be an extra-special group of order 512 and exponent 5. Then Aut(N)
contains a cyclic group P of order 3 which centralizes Z(N). Set G = N x P and let
¢ € Irr(N) lie over a non-trivial irreducible character of Z(N). Then ((1) = 5 and
there is a unique 3-Brauer character 8 of G which extends (. Moreover, the 3-block B
of G containing 0 contains all irreducible characters Irr(G | () of G lying over (. Let
M be the irreducible kG-module whose Brauer character is 6. So M|y affords (. Also
B = Endi(M) as k-algebras. It can be checked that Mlp = kP ® kP/PTkP, as right
kP-modules. In particular, B = Endp(M) is not quasi-Frobenius.

Lemma 7. Suppose that G is p-nilpotent. Let By be the principal p-block of G. Then B{!
is symmetric iff [H, G] < Oy (G).

Question 8. Suppose that p [[G : H]. Is it true that if kG is q.f. then G is p-nilpotent
and the Sylow p-subgroups of G are abelian? This is true if G is p-nilpotent. If we remove
the assumption on |G : H], and kG is q.f., is it true that the Sylow p-subgroups of H
are abelian?
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Lemma 9 (Allan). Suppose that p [|H|. Then kG is symmetric.

Proof. The symmetrizing form on kG¥ is just the restriction of the usual form on kG to
kGH. O

Lemma 10 (Allan). Let B be a block of kG that has defect 0. Then BY is symmetric.

Proof. Let M be the unique irreducible B-module. Then M is projective and B =
Endy(M), as k-algebras. Moreover, BY = Endyy(M lg). But M |g is projective.
So Endiy (M |g) is a symmetric algebra, by a standard result. O

Question 11. Let b be a block of kH that has defect 0. Is (kGey)® symmetric?

Lemma 12 (Allan). Let G be a dihedral group. If p = 2 then kG is q.f. iff [H,G] <
Oy (G). If p # 2, then kG" is q.f. iff p f|H]|.

kS;® is symmetric, when p = 2, despite the fact that |Ss| is even.

Question 13. Let e be a block idempotent of kS, and let f be a block idempotent of
kS; with ef # 0, when is kS3tef a symmetric algebra? When does this algebra have
tame/finite representation type? Special case: { =n — 17

Question 14. Suppose that |H| = 2 and p = 2. Is Z(kG™) generated by Z(kG) and kH ?
What if we replace the hypothesis by |H| = p and p # 27

Note that kG is self-dual as kG"-module.
Question 15. When is kG a projective kG -module?

Lemma 16. Suppose that kG is projective as kGH -module. Then kG is a self-injective
algebra.

Proof. Two facts: the dual of a projective module is injective, and each pim is a direct
summand of the regular module.

We need to show that each projective indecomposable kG*-module P is injective. Now
P is a submodule of kG¥, and hence a submodule of kG. So P* is a submodule of
kG* = kG. As P* is injective, this implies that P* is even a direct summand of kG. But
each indecomposable direct summand of kG is projective, by hypothesis. We deduce from
the fact that P* is projective that P is injective. 0

Note: if kG is a projective kG*-module, it follows from the proof above that the regular
kEGH-module is a direct summand of kG.

Note: kG is a projective Z(kG)-module iff G is p-nilpotent and G/O,(G) is abelian
(Miiller’s theorem).

Question 17. If kG" is q.f., is it necessarily symmetric? a Hopf algebra? Note that
Hopf algebras are symmetric (reference?). Note that Z(kSs) is not a Hopf subalgebra of
kSs, p =2, but it is q.f.
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Question 18. When is it the case that every irreducible kGY-module has the form
Homyg(SH, Sq), where Sx is an irreducible kX -module?

Question 19. When is Endygu (kG) = Endgpxa(kG)?
Question 20. Formulate and prove a first main theorem for the blocks of kG™.

Question 21. Describe the blocks and irreducible modules of kG when G is p-solvable.



