M32

Coimisiún na Scrúduithe Stáit
State Examinations Commission
__________________________

LEAVING CERTIFICATE EXAMINATION, 2006
___________________________

APPLIED MATHEMATICS − HIGHER LEVEL
___________________________
FRIDAY, 23 JUNE − AFTERNOON, 2.00 to 4.30
____________________________

Six questions to be answered. All questions carry equal marks.
Mathematics Tables may be obtained from the Superintendent.
Take the value of g to be 9.8 m/s2.
Marks may be lost if necessary work is not clearly shown.
____________________________________
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1.

(a)

(b)

A lift starts from rest. For the first part of its descent it travels with uniform
acceleration f. It then travels with uniform retardation 3f and comes to rest.
The total distance travelled is d and the total time taken is t.
(i)

Draw a speed-time graph for the motion.

(ii)

Find d in terms of f and t.

Two trains P and Q, each of length 79.5 m, moving in opposite directions
along parallel lines, meet at o, when their speeds are 15 m/s and 10 m/s
respectively.
The acceleration of P is 0.3 m/s2 and the acceleration of Q is 0.2 m/s2.
It takes the trains t seconds to pass each other.
(i)

Find the distance travelled by each train in t seconds.

(ii)

Hence, or otherwise, calculate the value of t.

(iii)

How long does it take for

2
of the length of train Q to pass the
5

point o?

2.

(a)

Two aeroplanes A and B, moving horizontally, are travelling at 200 km/h
relative to the ground. There is a wind blowing from the east at 60 km/h.
The actual directions of flight of A and B are north-west and north-east
respectively.
Find

(b)

(i)

the speed of aeroplane A in still air

(ii)

the magnitude and direction of the velocity of A relative to B.

A boy swims due west at a speed of 0.8 m/s.
A girl swims at 0.4 m/s in the direction
α ° south of west.
At a certain instant the girl is 10 m,
60° north of west of the boy and 10 s later
she is due north of the boy.

α°

0.4 m/s

60°
0.8 m/s

(i)

Find the distance travelled by the boy and the girl in 10 s.

(ii)

Hence, or otherwise, find the value of α .

(iii)

Find the shortest distance between the boy and the girl in the
subsequent motion.
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10 m

3.

(a)

A particle is projected
from
r
r a point o r
r
with velocity 9.8 i + 29.4 j m/s where i and j
are unit perpendicular vectors in the
horizontal and vertical directions,
respectively.
(i)
Express the velocity and
o
displacement of the particler
r
after t seconds in terms of i and j .
(ii)
Find, in terms of t, the direction in which the particle is moving
after t seconds.
(iii) Find the two times when the direction of the particle is at right angles
to the line joining the particle to o.

(b)

A particle is projected up an inclined plane with initial velocity u m/s.
The line of projection makes an angle 30° with the plane and the
plane is inclined at 30° to the horizontal.
The plane of projection is vertical and contains the line of greatest slope.
Find, in terms of u, the range of the particle on the inclined plane.

4.

(a)

Two particles of mass 0.4 kg and 0.5 kg are
attached to the ends of a light inextensible
string which passes over a fixed smooth
light pulley.
The system is released from rest.
(i)
(ii)

(b)

0.4 kg 0.5 kg
Find the acceleration of the system, in
terms of g.
After falling 1 m the 0.5 kg mass strikes a horizontal surface and is
brought to rest. The string again becomes taut after t seconds.
Find the value of t correct to two places of decimals.

A smooth wedge of mass 3m
and slope α rests on a smooth
m
horizontal surface.
A particle of mass m is placed
3m
α
on the smooth inclined face of the wedge
and is released from rest.
A horizontal force F is applied to the wedge to keep it from moving.
(i)
(ii)
(iii)

F

Show, on separate diagrams, the forces acting on the wedge and on the
particle.
Prove that the reaction between the wedge and the horizontal surface is
mg 3 + cos 2 α .
If the speed of the particle after 1 s is 4.9 m/s find the value of α .

(
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5.

(a)

A smooth sphere P, of mass 3 kg, moving with speed 6 m/s, collides directly
with a smooth sphere Q, of mass 5 kg, which is moving in the same direction
with speed 2 m/s. The coefficient of restitution for the collision is e.
(i)
(ii)

(b)

Find, in terms of e, the speed of each sphere after the collision.
If the loss of kinetic energy due to the collision is k 1 − e 2 , find the
value of k.

(

)

B

A smooth sphere A moving with speed u,
collides with an identical smooth sphere B
which is moving in a perpendicular
direction with the same speed u.

u
A

The line of centres at the instant of
impact is perpendicular to the direction
of motion of sphere B.

u

The coefficient of restitution between
the spheres is e.
(i)

(ii)

6.

Find, in terms of e, the speed of each sphere after impact and hence, or
otherwise, show that it is not possible for the two spheres to have the
same speed after impact.
⎛1+ e ⎞
Prove that tan θ = ⎜
⎟ , where θ is the angle through which
⎝ 2 ⎠
sphere B is turned as a result of the impact.

(a)

A particle moves with simple harmonic motion of period 3π . At time t = 0,
the particle passes through the centre of the oscillation. It passes through a
point distant 4 m from the centre of motion with a speed of 5 m/s away from
the centre.
Find, correct to two decimal places,
(i)
the maximum acceleration of the particle
(ii)
the time which elapses before it next passes through this point.

(b)

A hollow cone with its vertex downwards and its
axis vertical, revolves about its axis with a constant
angular velocity of 4π rad/s.
A particle of mass m is placed on the inside rough surface
of the cone. The particle remains at rest relative to the cone.
The coefficient of friction between the particle and
1
the cone is .
4
The semi-vertical angle of the cone is 30° and the
particle is a distance l m from the vertex of the cone.
Find the maximum value of l , correct to two places of decimals.
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300
l

7.

(a)

A uniform rod [pq] of length 4 m is free to turn
in a vertical plane about a hinge at p.
The mass of the rod is 20 kg.
The rod is supported in a horizontal position by
a rope attached to q and to a point 3 m vertically
above p.

p

q

Find

(b)

(i)

the tension in the rope

(ii)

the magnitude and direction of the reaction at the hinge.

One end of a uniform ladder rests on a rough horizontal floor and the other
end rests against a rough vertical wall.
The coefficient of friction at each contact is μ .
The ladder makes an acute angle α with the wall.
If the ladder is on the point of slipping find α in terms of λ , the angle of
friction, where μ = tan λ .

8.

(a)

Prove that the moment of inertia of a uniform rod of mass m and length 2l
1
about an axis through its centre perpendicular to the rod is m l 2 .
3

(b)

A uniform rod of mass 3m and length 1.2 metres
can turn freely in a vertical plane about a
horizontal axis through one end.

120°

The rod oscillates through an angle
of 120° , as shown in the diagram.
(i)

Find the angular velocity of the
rod when the rod is vertical.

(ii)

Find, in terms of m, the vertical thrust on the axis when the rod is
vertical.
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9.

(a)

16 cm 3 of acid of relative density 1.8 is mixed with 7 cm 3 of water to
form 22.35 cm 3 of dilute acid.

Find

(b)

(i)

the contraction in volume which has taken place.

(ii)

the relative density of the dilute acid.

A hollow spherical shell of external
radius a and internal radius b floats
in water.
The relative density of the material
of the shell is s.

10.

(a)

(i)

Find the maximum buoyancy force that the shell could experience
while floating in water.

(ii)

Hence, or otherwise, prove that if the shell is not totally immersed in
the water then
a3
s< 3
.
a − b3

(iii)

If s =

27
a
, prove that the thickness of the shell must be less than .
19
3

Solve the differential equation
dy
xy
=
dx 1 + x
given that y = e when x = 0.

(b)

The acceleration of a particle moving horizontally in a straight line is

1
x3

away from a fixed point o, where x is its distance from o.
The particle starts from rest at x = 1 .
Calculate
(i)
(ii)

4
3
the time that it takes the particle to reach a point 2 metres from o.
the velocity of the particle when x =
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