
ROOT TEST

The Root Test

Let
∞∑
n=1

an be a series such that

lim
n→∞

|an|
1
n = ρ,

(that is, |an|
1
n tends to the value ρ, as n tends to infinity. Here ρ is

allowed to be any finite number as well as ∞.) Then

(a) If ρ < 1, then
∞∑
n=1

an converges.

(b) If ρ > 1, then
∞∑
n=1

an does not converge.

(c) If ρ = 1, then the root test in inconclusive.

Remark 1.1: That means we need to determine lim
n→∞

|an|
1
n and if this

limit exists and is different from one, then we are able to make a state-
ment about the convergence of the given series. The root test is usually
used when there are only powers involved in the expression of an.

Examples 1.2: Consider the series
∞∑
n=1

1

(lnn)n
. Then an =

1

(lnn)n

for all n ≥ 1, and we need to understand lim
n→∞

|an|
1
n . Since an > 0, we

have

|an|
1
n =

(
1

(lnn)n

) 1
n

=
1

((lnn)n)
1
n

=
1

lnn

So lim
n→∞

|an|
1
n = lim

n→∞

1

lnn
= 0. Since this limit is less than one, we

conclude from the root test that
∞∑
n=1

1

(lnn)n
converges.
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2 ROOT TEST

Examples 1.3: Consider the series
∞∑
n=1

2n

n3
. Then the underlying se-

quence is an =
2n

n3
≥ 0, for all n ≥ 1. So we have

|an|
1
n =

(
2n

n3

) 1
n

=
(2n)

1
n

(n3)
1
n

= 2 ·
(

1

n
1
n

)3

So lim
n→∞

|an|
1
n = lim

n→∞
2 ·
(

1

n
1
n

)3

= 2 > 1. (Note that lim
n→∞

n
1
n = 1,

which is not obvious, but it is a well-known result and we use it here

without verifying it.) Hence the root test tells us that
∞∑
n=1

2n

n3
does not

converge. Moreover since all an are positive we know that the series
diverges to infinity.

Examples 1.4: Consider the series
∞∑
n=1

(
1− 1

n

)n

. Then

an =

(
1− 1

n

)n

≥ 0, for all n ≥ 1,

and all an ≥ 0. Furthermore we have

|an|
1
n =

((
1− 1

n

)n) 1
n

= 1− 1

n

So lim
n→∞

|an|
1
n = lim

n→∞
1− 1

n
= 1, and thus the root test is inconclusive.

That means we have to use a different method to understand the given
series. In this case we may use the divergence test. Observe that for
the underlying sequence an we have

lim
n→∞

an = lim
n→∞

(
1− 1

n

)n

=
1

e
6= 0.

(Again it is not obvious that lim
n→∞

(
1− 1

n

)n
= 1

e
, however it is a fa-

mous result and as such worth remembering.) That means an does not
converge to zero, and thus by the divergence test the corresponding
series does not converge. (For more details refer to the handout on
the divergence test.) Since all sequence elements are positive we can

conclude that
∞∑
n=1

(
1− 1

n

)n

diverges to infinity.


