ALTERNATING SERIES III (OF III)

Convergence of an alternating series

The following test describes conditions under which an alternating se-
ries converges. This test is known as the Alternating Series Test.

e.9]
An alternating series Z a, converges if the following two conditions
n=0
are satisfied:
(1) |an| > |apy1|, for all n > N, where N is some integer.

(2) lim |a,[ =0

Remark 3.1: Note that property (1) means that the sequence (|a,|)n>0
is decreasing (with the possible exception of the first N elements).

o] _1 n
Example 3.2: Consider the series Z u In Example 1.2 we

n
n=1

have verified that this series is alternating. Furthermore the underly-
ing sequence is given by a, = %, for n > 1. The alternating series
test requires us to work with the absolute value of a,,. In our case that

means |a,| = % We check the first condition in the test and obtain

1 1
|an| = = >
n

= ‘anJrl‘-

The inequality in the middle is a consequence of n + 1 > n, for all
n > 1. In particular we have shown that |a,| > |a,41]|, for all n > 1.

Next we take a look at the second condition. Here we study the limit
of the sequence (|a,|),>0. In our case we get

. 1
lim |a,| = lim — = 0.
n—oo n—oo N,
Therefore both conditions in the alternating series test are satisfied. In

particular we conclude that our given alternating series converges.

Material developed by the Department of Mathematics & Statistics, NUIM and supported by
www.ndlr.com.

1



2 ALTERNATING SERIES III (OF III)

o0 1 n
Example 3.3: Consider the series Z ( ) . This series is

100
alternating (see Example 2.3) and thenunéoerlying sequence is given by
an = (—ﬁ)n. Thus |a,| = 57, for n > —10. Since
1 1
n = 100" ~ 10071 |@nt,
and X
A el = 1 0 =0

both conditions of the alternating series test are satisfied. Consequently
the series converges.

Remark 3.4: For a sequence (a,),>o it holds that lim |a,| = 0 if and
- n—o0

only if lim a, = 0. That means if the second condition of the alternat-
n—oo

ing series test is violated, that is, lim |a,| # 0, then we immediately
n—oo

know that lim a, # 0. In this case it follows from the divergence test
n—oo

that the series does not converge. (For more information refer to the
handout on the divergence test.)

o0
Example 3.5: The series Z(—l)"HLl is alternating (see Ex-

n
n=0 +

ample 2.1.). Here the underlying sequence is a,, = (—1)
thus |a,| = 2=, for all n > 0. Then

n+l n

. and

n+1’
lim |ap| = lim —— = li =140

Hence the second condition in the alternating series test is violated and
the alternating series test fails. However, as we discussed in Remark
3.4, we can now apply the divergence test to conclude that the series
does not converge. In fact, more analysis shows that this series does
not have a limit at all.

oo
Example 3.6: The series Z(—2)” n! is alternating (compare Ex-
n=0
ample 2.2), and the underlying sequence is given by a, = (—2)
Then |a,| = 2™ n!, for n > 0. One can check that

" onl.

lim |a,| = lim 2" n! = oo # 0.
n—oo n— o0

Again the second condition of the alternating series test is violated,
and thus the alternating series test fails. Now the divergence test can
be applied to show that the series does not converge.



