POLYNOMIALS THAT FORCE A RING TO BE COMMUTATIVE II
S.M. BUCKLEY AND D. MACHALE

ABSTRACT. We characterize polynomials f with integer coefficients such that a ring
with unity R is necessarily commutative if f(x) =0 for all € R.

1. Introduction

In this paper, we discuss the sets of polynomials f(X) = > a; X" € Z[X] that
force certain classes F of rings to be commutative, i.e. those polynomials f(X) such
that if f(x) =0 for all z € R, where R € F, then R is necessarily commutative. We
allow ag to be non-zero only when F is a class of rings with unity.

The equation f(R) = 0 means that f(z) = 0 for all x € R. Denote by C(F) the
set of polynomials f such that R is commutative whenever R € F satisfies f(R) = 0.

Let R and R be the classes of all rings, and all rings with unity, respectively. For
each prime number p, define R, to be the class of rings R such that p* R = 0 for some

k >0, and define R, to be RNR,,.

A well-known result of Jacobson [2, Theorem 11] implies that for n > 1, X" — X €
C(R). More generally, Herstein [1] showed that if a; = £1 then f € C(R), and we call
such polynomials Herstein polynomials below; see also [5]. For an overview of work on
ring commutativity, see [4].

Using Herstein’s result, the second author and Laffey [3] characterized C'(R): they
showed that f € C'(R) if and only if f is either a Herstein polynomial, or f satisfies
the following three conditions: a; = 42, as is odd, and Z?:z a; 1s odd.

In view of this characterization of C'(R), we are lead to investigate C'(R), which
we will see is strictly larger than C(R). In order to state our main theorem, which
characterizes C(R), we first need to define the following family of conditions on f
indexed by a prime number p:

There s at least one non-multiple of p among the numbers

Spi={ag,ar} U {bj,¢; [0<j<p—1},

. \
bj = E 1Q;
0<i<n
i =j (mod p—1)

Cj = E a;

0<i<n
i =j (mod p—1)

where

7

Whenever the above condition holds, we say that f satisfies the S, condition.
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Theorem 1. Suppose f(X) =1 ,a; X" € Z[X]. Then f € C(R) if and only if the
greatest common divisor of the numbers {a;}?_, is 1, and f satisfies the S, condition

for all primes p < n/2 that divide a;.

After some preliminaries in Section 2, we prove the above theorem and related results
in Section 3.

2. Preliminaries

There is one rather obvious necessary condition for f € C(R): given any prime p,
the ring GLy(F,) is noncommutative and of characteristic p, so if every coefficient of

f is divisible by p then f ¢ C(R,) D C(R). Thus the greatest common divisor of the

coefficients of a polynomial in C(R) is always 1.

Suppose f(X) € Z[X] is not the zero polynomial, and f(R) = 0 for some R € R.
The fact that f(n-1) =0 for all n € Z means that R cannot have characteristic 0, so
suppose it has characteristic m > 0.

Suppose m = Hmm p¥r is the prime factorization of the characteristic m of a ring R

such that f(R) = 0. We write m, := m/p* and R, := m,R. The following statements
are readily verified.

e Fach R, is an ideal in R.

e R, has characteristic p* and f(R,) = 0.

e If R has a unity, so do each of the rings R,. In fact, since m, is coprime to p,
it has some inverse m, ' in Z,, and my(m, " - 1) is a unity in R,

e Since the ged of the numbers {m, : p | n} is 1, R is the sum of these ideals:
in fact if we choose numbers n, such that Zp ny,m, equals 1 mod m, then

T =3, ny(my).

o By (S, ) = 0.

It follows from the above that a ring R of characteristic m is an internal direct sum
of rings R, of prime power characteristic. Since the conditions that R has a unity,
f(R) =0, and R is commutative each hold if and only if the same condition holds on
R, for each p, it follows that

C(R) = ﬂ C(R,).

This allows us to characterize C(R) by characterizing C(R,) for all primes p.

If R € R has characteristic p*, and ag is not a multiple of p*, then f(0) = ag-1 =0
contradicts the fact that R has characteristic p*. We may therefore assume that a
is a multiple of p* when handling rings of characteristic p¥. Since multiples of p* are
harmless in such rings, we may in fact assume that ay = 0. This argument works
for all primes p and k£ € N, thus reducing the task at hand to characterizing when

polynomials satisfying ap = 0 lie in C'(R) (or C(R,)).
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3. Proof of main result

The main step in proving Theorem 1 is the following characterization of C(R,).

Theorem 2. Suppose f(X) = > ja; X" € Z[X], and let p be a prime. Then f €
C(R,) if and only if f satisfies the S, condition.

Proof. To prove necessity of the .S, condition, we first define the monoid ring Ry to be
the collection of all functions ¢ : G — T, where (T, +,-) is a commutative ring with
unity, and G = {1, u, v} is the monoid with the following multiplication table:

1 U )
1 1 U v
U U U U
v v v v

Thus (Rr,+) consists of the direct sum of three copies of 7', and multiplication in
Ryr is given in coordinate form by

3) (o, 8,7)-(,8,7) = (ad, af + (o’ + ' +7), oy + (' + 8 +7) ).

Examining the multiplication table for G, it is clear that (zy)z = x(yz) if any of z,y, 2
equals 1, while if z,y, z € {u, v}, then (zy)z = z(yz) = x. Thus - is associative in G,
and so Ry is a noncommutative ring with unity.

We need this construction only for T' = Z,, where p is a prime. In this case, we
write R, in place of Ry, and we claim that for all o, 3, € Z,,

@ (@, 8.79Y = (@ BB+P 1(B+7)77) |

The equation of the first coordinates follows immediately from the fact that o = «
according to Fermat’s Little Theorem. We get a contribution to the second coefficient
from any product involving p — k choices of u or v factors, as long as the leftmost of
these factors involves a u, together with k£ choices in any positions of the factor av- 1,
where 0 < k < p. For each such k, we therefore get a contribution to the second
coefficient of (z) a*B(B + v)P~*1. Now (i) is divisible by p for all 0 < k < p, and we
can handle the final coordinate in the same way, so the claim follows.

Suppose now that f € Z[X] is such that the associated set of numbers S, are all
multiples of p. Let z := (, 8,7). If B+~ # 0, then (8+~)?~' =1 (in Z,, of course),
and so it follows from (4) that ¥ = z. It follows that f(z) = g(x) := ag + S0-¢ di’,
where dy = ¢g — ap and d; = ¢; for all 1 < i < p—1. Since p | ag and p | ¢; for all i,
the coefficients of the polynomial g are all divisible by p. But R, has characteristic p,
so f(x) = g(z) = 0 for all such z.

If instead 8+ v = a = 0, then 2? = 0 and so f(z) = ap + a;z. Since both a; and
a; are divisible by p, it again follows that f(x) = 0.



4 S.M. BUCKLEY AND D. MACHALE

Finally suppose 4+ v = 0 but a # 0. In this case it is readily verified that for all
1 € N, we have

() v’ = (o' ia" 1B ia" ).

To prove that f(z) = 0, it suffices to show that m(f(z)) = 0 for k = 1,2, 3, where
7« R, — 7, is projection onto the kth coordinate.

Now 71 (27) = mi(z), so my (f(x)) = ag- 1+ 30— d;a?, where d; is as before. Now ag
and each of the d;s are divisible by p, so m(f(x)) = 0.

As for mo(f(x)), it follows from (5) that

T (f(z)) = (ao -1+ sz‘ai_1> B

Since p | ag and p | b; for all i, it follows that mo(f(x)) = 0. Lastly m3(f(x)) is handled
like mo(f(x)).
In summary we have shown that if S, contains only numbers divisible by p, then

f(R,) = 0. Since R, is noncommutative for all p, we have shown that f ¢ C (ﬁp) if
all numbers in S, are divisible by p.

We now prove sufficiency of the S, condition. The (trivial) ring of characteristic

1 is certainly commutative, so we may assume that R € R has characteristic p* for
some k € N. When considering f(R) = 0 for such rings, we may treat the coefficients
of f as being either elements of Z,, or elements of Z, as suits us. As discussed in

Section 2, ag is necessarily a multiple of p*, and so we may take it to be 0.

If p { ay, then a; is a unit mod p*, so g(X) := a7 ' f(X) € Z,[X] has the form
X + 3" ,d; X", and so it is a Herstein polynomial when we view its coefficients as
being integers. In particular the condition g(R) = 0 forces characteristic p* rings
R € R to be commutative. We may therefore assume that p | a;.

Suppose next that there exists i, 0 < i < p — 1, such that p 1 b;. We treat f[X] as
a polynomial in Z,.[X], but let us also write f,(X) for f[X] when instead viewed as
an element of Z,[X|. Expanding f,(X +t) for ¢t € Z,, we see that the coefficient of X
is sp(t) := Y27 dagt’. Let Sy(X) := Y>P-0 b;X* € Z,[X]. By Fermat’s Little Theorem,
sp(t) = Sp(t) for all t € Z,. The fact that p 1 b; for some ¢ means that S, is not the
zero polynomial, and so it has at most p — 1 roots. Thus there exists ¢ € Z,, such that
sp(t) # 0. It follows that the coefficient of X in the expansion of f(X +¢-1) is coprime
to p for some t € Z,x. Fixing this value of ¢ and picking k € Z,x which is equivalent
to t mod p, we get a polynomial g(X) := f(X + k) € Z,:[X] such that g(R) = 0 and
such that the coefficient of X in ¢ is a unit mod p¥. This implies the commutativity
of R as before.

Lastly, suppose that for all 0 < i < p—1, p | b;, but there exists some such i for which
p1¢;. Since p | b; for all 4, it follows from the analysis in the previous paragraph that
sp(t) = 0 for all t € Z,. If we expand (X + ) f,(X +t) € Z,[X], we get a polynomial
whose coefficient of X is s, (t) = S0 (i+1)a;t’. Writing d,(X) = Y07 ¢, X" € Z,[X],
we see that

s (t) = s (t) — sp(t) = iaiti =d,(t), teZ,.
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Since p { ¢; for some i, it follows that d,(t) # 0 for some ¢t € Z,. As before we get a
polynomial ¢g(X) := (X + k) f(X + k) € Z,» such that g(R) = 0 and such that the
coefficient of X in ¢ is a unit mod p*, and it again follows that R is commutative. [

Since

CR) = ) CRy),

it follows that the polynomials in C'(R) are precisely those that satisty the S, condition
for all p. Now the S, condition is clearly satisfied whenever p t a;, which helps to cut
down on the number of conditions that need to be verified. However, it at first appears
that we might still need to check an infinite number of conditions if a; = 0 before being

able to conclude that f € C(R). Fortunately, for any given polynomial it is easy to
discard all but a finite number of the S, conditions—regardless of the value of a;—and
to deduce Theorem 1.

Proof of Theorem 1. If the gcd of the coefficients is not 1, then all coefficients a; are
divisible by some prime p, and certainly f does not satisfy the S, condition. Thus by

Theorem 2, f ¢ C(R).

For the converse direction, we may assume that p | ap and p | ay, since otherwise S,
trivially holds. It suffices to show that the S, condition holds for all primes p > n/2
as long as the ged of the coefficients is 1. If p > n + 1, then this is easy: all the sums
in the S, condition involve at most one term so, since the ged of the coefficients is 1,
there exists ¢ such that pta; = ¢;.

When (n+2)/2 < p < n+1, all sums in the S, condition involve at most two terms.
Suppose p { a; for some i. If ¢; = a;, then we are done. Otherwise ¢; = a; + a;, where
J > 0 satisfies |j —i| = p— 1. But then j¢; — b; = +(p — 1)a; is not divisible by p, and
so either ¢; or b; is not divisible by p. Finally if n/2 < p < (n+2)/2, then the analysis
is similar except that b; and c¢; may involve three terms when j = 0 or j = 1. But in
both of these sums, we can discard one of the terms since p | ap and p | a;. O

Since there are no primes p < 3/2, the characterization for polynomials of degree at
most 3 is particularly simple.

Corollary 6. Suppose f(X) =30 a; X' € Z[X]. Then f € C(R) if and only if the

(2
greatest common divisor of the coefficients a; is 1.

Note that the ged condition alone is not sufficient for polynomials of degree larger
than 3 since f(X) = X* + X? fails the S, condition, and so f(Rs) = 0, where Ry is
the noncommutative monoid ring in the proof of Theorem 2.

According to [3], a polynomial f (with ag = 0) lies in C(R) if and only if it is
either a Herstein polynomial or a; = +2, as is odd, and the sum of the coefficients is
odd. Comparing this with Corollary 6 or Theorem 1, it is easy to give examples of

polynomials in C'(R) \ C(R), for instance 3X + X?, 2X + X% + X3, or 2X? 4+ X3.
In view of the characterization of C'(R), it is perhaps worth noting for comparison
purposes the characterization of polynomials with a; = £2 that lie in C'(R).

Corollary 7. Suppose f(X) = £2X + 3 " , 4, X" € Z[X]. Then f € C(R) if and
only if either > agiy1 or Y. a9 is odd.
0<i<n/2 0<i<n/2
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Proof. By Theorem 1, f € C (75,) if and only if either by or ¢y is odd, where by, ¢y are
the sums in the S5 condition. But, mod 2, by is the sum of the coefficients over all odd
indices, and by + ¢ is the sum over all even indices. ]

Lastly we note that the examples that prove necessity of the conditions in Theo-
rems 1 and Theorem 2 involve only finite rings of prime characteristic. Thus if F is

the set of all finite rings with unity, then C'(F) = C(R), while if F consists of finite

rings with unity of characteristic p, then C(F) = C(R,). This is parallel to the fact
that if F consists of finite rings (without the assumption of unity), then C(F) = C(R)
(since the proof in [3] uses only finite rings to prove necessity).
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