POINTWISE MULTIPLIERS FOR REVERSE HOLDER SPACES II

By
STEPHEN BUCKLEY
Department of Mathematics, St. Patrick’s College, Maynooth

ABSTRACT
We classify weights which map strong reverse Hélder weight classes to weak reverse
Holder weight spaces under pointwise multiplication.

1. Introduction

In this paper, we classify those weights f for which fw satisfies a weak reverse
Holder condition for every w satisfying some strong reverse Holder condition (see
Theorem 1.2). This “weak-strong” problem and the corresponding “weak-weak”
and “strong-strong” problems were investigated in [1], where a simple necessary and
sufficient condition on the weight f was found in each of the latter two cases, but the
first problem was only partially answered. This paper rectifies the matter by giving
a simple necessary and sufficient condition for f to satisfy a mixed condition of this
type.

We first introduce some terminology and notation. Throughout the paper, €2 is a
fixed open subset of R". By a weight on (2, we mean any non-negative measurable
function defined on 2, which is not identically zero. Since we are only concerned
with integrals of weights throughout, sets are always assumed to be measurable, and
sets of measure zero do not concern us. A cube () is always assumed to have faces
perpendicular to coordinate axes, and its sidelength will be denoted by I(Q). If t > 0,
t@ is the cube concentric with @ such that [(tQ) =t - [(Q). We say that two cubes
are adjacent if their closures intersect but their interiors are disjoint. For any set F
and weight w, we write |E| for the Lebesgue measure of E, w(E) = [, w, and

1 1/23
s = (7 [ or@ide) w0

As usual, [|w|_ 5 = esssupw(x). Thus ||w||p 5 is a monotonically increasing func-
’ )

z€
tion of p. If 0 > 1 and 0@) C Q, we say that @) is “o-dilatable”. We denote the
Hardy-Littlewood maximal operator by M and, for any 1 < p < oo, we shall write

P =p/(p—1).
We shall be concerned with weights w € L} () for which

K e R:|jw||, , < Kljuw, for all o’-dilatable Q (1.1)

7UQ,

for some 0 < g < p, 1 < o < ¢’. Weights satisfying such conditions have been studied
by many authors; some important advances are to be found in [6], [4], [2], [9], and

1991 Mathematics subject classifications: Primary 42B25.
1



2

[5]. For a more thorough discussion of such weights, and of the statements made in
the following paragraphs, we refer the reader to [1].

Assuming that 0 < ¢ < p, the class of weights satisfying (1.1) is denoted WRH ]?
ifl1 <o <o, RH;}JOC if 1 =0 <o/, and RH;? if 1 = 0 = ¢’. These classes are
independent of ¢, o or ¢’, as long as those parameters satisfy the defining equalities
and inequalities. In the first two cases, we say that w satisfies a strong reverse Holder
condition of order p on €2, while in the last case we say that w satisfies a weak reverse
Hélder condition. For q = p/2, 0 = 2, 0’ = 4, the smallest constant K for which
(1.1) is true will be denoted WRHZ?(w), and will be referred to as the “I/VRHZ(,2
norm” of w. Similarly we define “norms” RH'°“(w) and RHS}(w) by choosing
(q,0,0") = (p/2,1,4) and (q,0,0") = (p/2, 1, 1) respectively. The values of ¢, o, and
o’ used have no significance — if they are changed, the new norms are equivalent to
the old ones up to a constant dependent only on these parameters and the dimension
(of course, the choices 0 = 1 and ¢’ = 1 in the last two definitions cannot be varied).

WRH]?, RH]?’10C and RH;? share some properties dependent only on p, so we
temporarily denote any one of these classes as S,. Obviously, S, € S, if 0 < p < g,
and it is easy to produce examples to show that this containment is strict. Never-
theless, it is also true (see [2], [4] and [9]) that S, = | ., Sq- In fact, if w € S}, then
w € Sp4e for some € > 0 dependent only on n, p, and the S)-norm of w; we can even
choose € so small that S, .(w) < 25,(w).

Strong reverse Holder conditions are related to the A, condition of Muckenhoupt
(see [2]). Tt follows that if w satisfies (1.1) for 1 = o < ¢/, and some 0 < ¢ < p, then
w actually satisfies (1.1) for all ¢ > —e (and o, o’ unchanged). As before, the size of
€ depends only upon n, p and the norm of w in its weight class. This “improvement”
is not possible for weak reverse Holder conditions — if w satisfies (1.1) for ¢ <0 < p
and 1 < o < ¢, it also satisfies (1.1) for 0 = 1, with the other parameters unchanged.

We now state the main theorem of this paper.

Theorem 1.2. Let S, be either RH]g2 or RH]?’]OC. Suppose also that f is a weight
and 0 <p,q<oo. If f-5, C WRH;Z, then q < p. Furthermore,
(i) if0< g <p< oo, then f-S, C VVRH;2 if and only if f € (| WRHS, where

r<s
s=pq/(p—q) (s=o00ifp=gq);
(ii) if 0 < g < o0, then f-So C WRHé2 if and only iof f € WRH(?.
In either case, if w € S,, then WRH(?(fw) 1s dependent only upon n, p, q, and the
norms of f and w in their respective weight classes.

Note that f -5, C VVRH;2 implies that f -1 € WRH(?. This gives the “only if”
direction of the theorem when p = oo, but not when p < oo. In [1], an iteration
argument gave more information for the corresponding unmixed problems (the next
step was to consider f - f9/P); in fact, this iteration alone sufficed for the strong-
strong problem. We cannot, of course, employ such a method here. As we shall see
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in section 3, bridging the gap between the index ¢ and all indices less than s is what
requires most of our effort.

2. A pair of lemmas

We first need some notation: if R > 0, ¢ > 1, then for any weight w and cube @,
E(R,Q) = E(R,Q;w, o) denotes the set {r € Q | w(z) > R|wl|, UQ}.

Our first lemma gives several conditions equivalent to WRHZS}. This lemma will
have a familiar feel to it for those conversant with the literature on reverse Holder
classes. For example, the RH}' analogue of the equivalence of (i) and (ii) was proven
by Coifman and C. Fefferman in [2] where inequalities related to the RHS' version
of (iii) are also examined (see also [3]). The equivalence of (i) and (ii) for WRH! is
due to Sawyer ([7]).

Note that in this lemma, the constants C, € and ¢ in (ii)—(iv) are determined by
n, p, o, o/, and WRH]?(w) alone. Also, analogues of the lemma for RHI?JOC and
RH;? can be proved in almost exactly the same manner.

Lemma 2.1. Suppose that w is a weight, 1 < o < o', and 1 < p. Then the following
are equivalent.

(i) we WRH;Z;

) . w(E) 2y
ii) there exist e > 1/p’, C > 0 such that <C (— , for all subsets £
W / w(eq) = “\JQ

of o’-dilatable cubes Q;

E
(iii) there existt > p—1, C > 0 such that % < CR7t, for all o’-dilatable
w(o
cubes Q) and all R > 1;
[E(R, Q)|

(iv) there exist t > p, C > 0 such that T < CR7Y, for all o'-dilatable
cubes QQ and all R > 1.

Proof. Suppose that w € WRH]? and so w € WRH for some s > p. If E is a subset
of a o’-dilatable cube ), then

w(E) BN\
S = wxpl, , < lwll, oIXel, o < Klwl, o (—

Q| Q|

w(E) (|E|)”S’

(=1
woq) = “\Ja

Thus (i) implies (ii) with e = 1/s" > 1/p/.

and so

Next we show that (ii) implies (iii). Fixing a o’-dilatable cube @, we normalise
so that w(oQ) = |Q| = 1. Upper bounds for w(E(R,Q)) can be improved using (ii)
as follows:

w(B(R,Q)) < A— |E(R,Q)| < A/R — w(E(R,Q)) < C(A/R)".  (2.2)
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Starting with the trivial estimate w(E(R,Q)) < 1, and iterating (2.2), we get
that w(E(R,Q)) < (C/R®)°*, where s, = Zf;é ¢/. Letting k — oo, we see that
w(E(R,Q)) < CY(1=9 /R where t = ¢/(1 —€) > p — 1 since € > 1/p'.

(iv) follows immediately from (iii) using the first implication in (2.2), so let us
finish by showing that (iv) implies (i). We fix a ¢’-dilatable cube ) and normalise
so that [lw]|, ,o = 1. Letting By, = {z € Q | 2"7" < w(x) < 2*} for k > 0, it follows

from (iv) that |Ex|/|Q| < C2~ (=Dt and so

L/wp§1+22kp@§1+0/22—k(t—p)SC/’. 0
Al Jo 2.2 7Q 2

It is known ([3, theorem IV.2.16]) that, if f is any locally integrable function such
that M f is finite a.e. and 0 < v < 1, then (M f)® is an A; weight (and all A; weights
are essentially of this type). It follows that if p > 0 then (M f)* € RH}}” for all
0 < a < 1/p; also, RHEn((Mf)a) is bounded by a constant dependent only on «,
p and n. The following useful technical lemma shows that, in certain circumstances,
we can patch together a sequence of such weights to produce another RH 5{71 weight.
In this lemma and the following discussion, we write A < B if A and B are two
quantities for which A < C'B, where C' is some constant independent of k, and the
choices of QO and Ej. Also, A~ B means that A < B < A.

Lemma 2.3. Suppose that o > 1, p,a > 0 and o« < 1/p. Suppose also that Ey, is a
subset of a cube Qi and has non-zero measure, for all integers k in some interval I.
Then in either of the following two (mutually exclusive) cases, there exists a weight
w € RH}}TL and constants ci such that w(x) = cp(MXg, (z))* for x € Qr\oQk+1
and all k € I:

(i) the cubes oQy are pairwise disjoint,
(ii) UQk+1 C Qk\Ek

Proof. We first prove (i). In this case, Qx\oQr+1 = Qp, so the ordering of the cubes
is irrelevant. Let us choose 01 € (1,0) and write U = |J 0Q, V = U 01Qr. We

kel kel
define
ck(MXg,)?, T € oQy
w(x) =
1, x ¢ U,

choosing the constants ¢ so that w(z) &~ 1 on the annular regions cQ\o1 Q) (note
that MXpg, is essentially constant on this annulus).
We need to show that HprQ < Hw”p/2 o for all cubes Q. This is obvious if

@ C U, since then Q C 0Q for some k, and w € RHng by construction. We now
show that |lwl[, , £ 1 < Hw”p/2 g for all @ ¢ U. First note that if @ intersects
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01Qk, then Q N (0Qr\o1Qk) includes a cube Py of sidelength comparable to that of
Q. Since w(x) ~ 1 for x € Py,

[ wis [ wrtxiplxiQnoau) (2.4)
QNoQy Py

Since w(x) ~ 1 for z € Q\V, it follows easily from (2.4) that 1 < The

second inequality follows in a similar fashion:

[ wrs [ wa [ wrsinix@noqul
QNoQy oQx Py

since w € RHZ9* and so w? dz is a doubling measure on 0Qy, (see [2]).

[wll,, /2.0

Let us now prove (ii) for I = R (and so (J,c4 @r = R™). We first choose o1,
09, 03 such that 1 < 03 < 092 < 07 < o. For any constant ¢, > 0, we note that
wi(x) = cx(MXg, (2)* € RH;)””, and that wy is essentially constant on o1Qy11
(since 0Qk11 and Ej are disjoint) and on 01Q\03Qk (since Er C Q). We choose
co = 1, say, and then define ¢, inductively for positive and negative k, in such a way
that wy () ~ rwi_1(y) for all z,y € 01Qk\03Qk, where r € (0,1) is to be specified
shortly. We now define w(x) = wi(z) for all x € 02Qk\02Qk+1, and all k.

We need to show that ||w||p’(q2 < Hpr/z,Q for all cubes Q. We first show that

there exists C' > 0 (independent of r) such that

VieZ: / w?P < C’rp/ w?. (2.5)
02Q;\02Q; 41 02Q;-1\02Q);

To see this, we choose cubes {R;}2__ such that Ry C 02Qk\03Q) and I(Ry) ~

1(Qg). Since wj,wj_1 € RHIE{R, we get

/ w? §/ wY %/ w?
02Q;\02Q 11 02Q; R;
xrp/ wg-) Srp/ w?_l
R; 02Q; -1

J
w?_l < rp/ w?,
02Q;-1\02Q;

xrp/
R

as required. We now fix r € (0, 1) so small that Cr? < 1/2 in (2.5).

Given any cube @, there exists k € Z for which Q C 02Qk_1 but Q ¢ 02Q. If
Q C 02Qk-1\03Qy, the desired Holder inequality is immediate since then w(z) =~
wi—1(x) for x € Q. Otherwise we note that Q N (02Qk\o3Q%) includes a cube Py of
sidelength comparable to that of Q). Thus,

/ wp/Qz/ wp/Qz/ wi/_i%/ wi/_Ql 2/ wi/_Ql, (2.6)
QNo2Qy Py, Py 02Q% QNo2Qy

oo

[

Jj—1



and

/ wpg/ wi’x/ wi’x/ wy_, (2.7)
02Qr\02Qr+1 02Q% Py Py,

It follows from (2.5), (2.7), and our choice of r that

o0
/ wh > 2 / wh | < 2/ wh . (2.8)
QNo2Qx ; Py, QNo2Qx

7=0
Finally (2.6) and (2.8) imply
Hpr’Q 5 Hwk—al’Q S Hwk—1”p/27Q 5 Hpr/27Q7

which finishes the proof of (ii) (for I = R). The case I # R can be handled by a few
easy modifications to the above proof, so we omit the details. [J

Let us pause to show the importance of the assumption o > 1 in Lemma 2.3. If we
instead assume that ¢ = 1, leaving the other assumptions unchanged, the lemma is
false in either of the two cases. In the following counterexamples, “w is approximately
constant on a set S C R” means that w(z) < w(y) for almost all z,y € Sy.

For the case of pairwise disjoint cubes, let n = 1, Qr = (k,k + 1), and Ej, =
(k,k+27%), for all K > 1. Suppose that a weight w with the required properties exists.
Then w is approximately constant on (k —1/2, k) and on (k, k +27%). Also w? dx is
a doubling measure and so w is approximately constant on Ay = (k —1/2,k +27F),
for all £ > 1. Since Ay and Ajpy; are approximately the same length, and each
is contained in the 5-dilate of the other, we can use doubling again to get that
w(Ag) ~ w(Ag+1), and so w is approximately constant on AyUAy 1. This contradicts
the fact that, for large k, the approximate value of w on (k, k + 2~%) must be much
larger than its approximate value on (k+1/2, k+1), since the same is true of M Xg, .

In the nested cubes case, let n = 1, Qi = (—27%,27%), and B = (27F7 1,27+~ ¢
4~*=1) "and suppose that such a weight w exists. By considering MXg, , and MXg,
respectively, we see that w is approximately constant on Fy_; and on (3-27%72 27F),
Hence, by doubling, it is approximately constant on Ay = (3-27k72 27F 4 4F),
Again by doubling, w is approximately constant on Ay U A1, which contradicts the
behaviour of MXg, on (27571 27%) € Q) \ Qg1

3. Proof of Theorem 1.2
In view of the last statement in Theorem 1.2, we shall use C' throughout this proof
to refer to any constant dependent only upon n, p, ¢, and the norms of the relevant
weights in the weight classes from which they are chosen (C' may also depend on
additional parameters such as ¢, e which, in turn, depend only on the aforementioned
parameters).

We first show that the inclusion f-S, C WRH, (? leads to a contradiction if p < q.
It suffices to assume S5, = RHZ?. Let z¢ be a point in the Lebesgue set of f? such
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that f9(xg) > 0. If Ay, = {x € R™ | 27F71 < |z| < 27%}, the family of annuli
F = {Ar}2, is regular in the sense of Stein [8, section I.1.8], and so there exists
ko > 0 such that

1

k> ko _—
k= ko |Ak| Ja,

f(@o +y) dy > f9(z0)/2.
We may also assume kg to be large enough that {z : |z — z¢| < 27%0'} C Q.
Choosing « so that n/q < a < n/p, we have w(z) = |z — x| € RH}}TL. However,

q 0 (ag—n)k q _
/{|m—x0|<2k0} Z /Ak-i-:co ) 20 (Z 2 ) f (370)

k=ko
and so fw ¢ WRH.

The proofs for part (i) and the “if” direction in (i) were stated in [1], and their
proofs are essentially the same as the corresponding proofs for the “strong-strong”
case which are given there. Since their proofs are short, we include them here for
completeness.

We first consider (ii). If f-S. C VVRH;2 then f-1 € WRH;Z. Conversely, if
fe WRH(?, w € RHY C S, and Q is o’-dilatable, then

Ifwllgq < 17l ollwll g < ClFIl o pollwll g

< Clfwll ,ollwllZe sollwly o < Cllfwll, g,

as long as € > 0 is sufficiently small. Thus fw € WRH C?.

As for the “if” part of (i), we first consider the case ¢ < p. Fix 1 < ¢ < ¢’ and

suppose that f € (| WRH, w € RHQ loc " Thus w € RHEZ]’IOC for some t > p/q.
r<s

Choose 0 < € < ¢ small enough that Hwth 0= Cllwl| _, o for all o’-dilatable Q. Since

t > p/q, it follows that t'q < s, and so using Holder and reverse Holder inequalities

we get

1wl o < 0l ol fly o < Clll_ o1, 500

< Cllwll_ ollfwl ol ™! oo
<Clful, o
The case p = ¢ now follows easily: if w € RHQ’IOC, then w € RH?’IOC for some t > q,
and f-w € WRH, © since f € WRHY?

tp/(t—p)"

It remains only to prove the main part of the theorem: the “only if” direction
of (i). Here, we can assume that ¢ < p, since this case immediately implies the case
q = p. Furthermore, if the result is true for a particular choice of parameters (p, q),
it is also true for the parameters (p/t,q/t) for any ¢ > 0. To see this, note that
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f-RHY C WRHE if and only if f* - RHQ/t C WRH;Z/t, and f € ,., WRH if
and only if f* € N,., WRH:, where u = (p/t)(q/t)/(p/t — q/t). This observation
enables us to assume without loss of generality that 1 < p’ < ¢ < p (and so s > 1).
Note also that we may assume f = f-1 € WRH éz C WRH;?.

Let us pause to motivate and outline the rest of the proof. First note that Lemma
2.1 says roughly that f is a weak reverse Holder weight if and only if the subset of a
cube @ where f is very big is uniformly controlled by the average size of f on 2Q). If f
is not in the required reverse Holder class, this fact is equivalent to the existence of a
sequence (referred to as a “T-sequence” below, as it is given by a sequence of triples)
of cubes @), and subsets Fj on which the type of control of Lemma 2.1(iv) is only true
with constants C' = Cj, — oo (k — o0). Our first step is then to prove the result in
the “Special Case” where we assume RH. I?( fw) is bounded by a constant dependent
on WRH (? (w), but otherwise independent of w. An appropriate positive power of
MXEg, gives a sequence of weights wy, such that RH ]? (wp) is uniformly bounded. wy
has the desirable property on Q) of being big where f is big, and small where f is
small. Consequently, we shall see that WRH]?( fwy) is an unbounded sequence of
numbers, finishing this case.

Although the Special Case is completely contained in the later cases, proceeding
in this manner aids clarity since we shall be able to reduce most of the subsequent
cases to situations where a similar argument will clearly work. In order to eliminate
the control assumption and prove the full-strength result, the obvious plan is to
patch together the weights wy so as to create a single weight w € RH]g2 for which fw
cannot be in WRH é) (because examination of its values on Qi gives a sequence of
lower bounds for WRH( fw) which tend to infinity as k does). This plan has a snag:
the cubes and subsets may have arbitrary sizes and overlaps to begin with, and so
the weights w; might not be suitable for being patched together. Consequently, we
split the argument into various cases, in each of which we make successive changes
to our T-sequence to create new T-sequences with more desirable properties until
eventually we can patch the associated weights together, or arrive at a contradiction
through other means.

Suppose, for the purposes of contradiction, that f ¢ WRH 791 for some 1 < r; < s.
Let us fix 7o € (r1,s) and suppose that 1 < o < ¢’. We define a T-sequence for f
(with parameters o, ') to be any sequence of triples {(Qx, Ex, Ri)}7>; where Qy, is
a o’-dilatable cube, E; C Q,

Vk:  f(z) > Rk”f”LUQk on Fj (3.1)

and
Vk: |Ex|/|Qk| > kR,;”. (3.2)

Since f ¢ WRH?I, Lemma 2.1 implies the existence of a T-sequence (for any 1 <
o < o'): we simply choose Ey = E(Ry,Qp; f,0) for an appropriate sequence of
counterexamples to 2.1(iv). It immediately follows from (3.2) that Ry > 1, and
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that Ry — oo (kK — o0). Also note that any subsequence of a T-sequence is also a
T-sequence (a “T-subsequence”).

We shall often replace Ej, by E}, some other subset of @y for which (3.1) is valid
and which has some additional desirable property P. When we make such a change,
there will always be some € > 0 for which |E}|/|Ex| > € > 0, for all k. Thus, if
N > 1/e, then {(Qnk, ENg, Byi) 52, is a T-sequence with property P, assuming
that P is preserved by the taking of a subsequence. In such a case, we may therefore
assume that the original T-sequence we chose had this extra property (thus avoiding
the creation of many new names below for derived T-sequences). Similarly, we may
replace Qy by Q). D Qy, if the following conditions are true:

(i) |Qxl/|Q)] > € for some € > 0,
ii) (3.1) remains valid if we replace (Qx, Rr, o) by ,0Ry, V), for some 0 > 0,
lid if 1 Qr, R by (Q},0R f )
v > 1.

We shall use the term “subsequence argument” in future to refer to any arguments
where we alter (), or E} as above.

As the previous paragraph indicates, the “k” factor on the right-hand side of (3.2)
is merely a convenience to simplify subsequence arguments: it could be eliminated as
long as one still assumed that R — oo. In fact in each case when we have finished
constructing new T-sequences with more desirable properties, our final step before
constructing a weight will generally be either to replace Ej by a subset of itself or to
decrease Ry, so that |EL|/|Qk] = R, (note that (3.1) remains true under either of
these two operations).

We now finish the proof of (i) under the control assumption that, for fixed n, p,
q, and f, WRH C?(w f) is bounded by a constant dependent only on RHI?(w), the
case we shall refer to as the Special Case. Let {(Qg, Ex, Rr)} be a T-sequence for
f. We write 01 = /o and choose E;, C Ej so that ar = |E.|/|Qk| = R,". Since
x +— px/(p + x) is strictly increasing on (0,00) and ry < s, we can choose § > 0 so
small that pro/(p 4 ro(1 +6)72) < ps/(p+s) = q. If wp = (MXg;)"/P0+9 then
{RH]f{n(wk)},;“;l is a bounded sequence.

By Holder’s inequality and the boundedness of M on L'*?, we get

_ HMXE,; Hl/p(1+5) < Cai/?(1+5)27

loell, o < 1kl gy 00 e <

and, since f € WRH]?,

1/p(1+68)?
Ifwilly o0, < UL, o o lwell o 00 < Car/P 7 NfIlL o, -

Let us write py = Rkalzl/p(pﬂs)2 — RI(CP+7’2(1+5)72)/17

fwy > By flly 5, on Ej

, 80 1 < p, — o0 (k — 00). Since

ming: fwg

pr < Cre——r.
1wl o
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Therefore, E(Cpy, Qk; fwk,01) D E}, and so

E(C ; - ” -2 _
Vi - | ( pk,%,|fwk,0'1>| > ap = pkp 2/(pt+r2(1+6)~7) > pkq‘ (33)
k

It follows that {WRH(fw)} cannot be a bounded sequence since 2.1(iv) and
the comments preceding that lemma would then imply that R?|E(R, Q; fwg, 01)|/|Q|
tends to zero as R — oo, uniformly over all cubes @ and all k. Since {WRHJ( fwy)}
is unbounded but { RH,'(wy)}72, is bounded, we have arrived at a contradiction to
our control assumption.

We now wish to create a single weight w so as to eliminate the control assumption.
Let S = {0Qk}72 . If the cubes in S are pairwise disjoint for any o > 1, Lemma
2.3(i) produces such a weight by patching together the weights wj above. Suppose
therefore that the cubes in S are not pairwise disjoint. We call 0@Q); isolated (with
respect to S) if 0(Q); intersects only finitely many other cubes in S. If S has infinitely
many isolated cubes, we can construct a pairwise disjoint subsequence (let ki be the
index of the first isolated cube, and inductively let k;;1 be the first index larger
than k; of an isolated cube which does not intersect any of the previous cubes in the
subsequence). Lemma 2.3(i) can then be applied to the associated T-subsequence.

Thus we may assume that there are only finitely many isolated cubes in S, and
that the same is true for any subsequence of S. We may in fact assume that the
cubes 0@ are pairwise intersecting. To justify the latter assumption, we need to
prove that there is a subsequence {oQy; 524 of S with this property. To see this,
let k1 be the index of the first non-isolated cube. Eliminating oc@Q, and all cubes
which do not intersect ocQg,, we are left with a subsequence which we will name
{Px}. There are only finitely many isolated cubes in this subsequence, so suppose
that P, is the first non-isolated cube. We let ko be the index in the original sequence
of the cube P;, and then eliminate from this subsequence P, and all cubes which do

not intersect it. Continuing this process, we get the required subsequence.

We now divide the problem into three main cases, characterised by whether [(Qy)
remains roughly constant, tends to 0, or tends to co (by taking a subsequence, we
can always get one of these types). We assume that ¢’ = 10, 0 = 2 and 01 = /o
throughout.

Case 1: {l(Qr)} is bounded above and below.

Since the cubes {2Q} are pairwise intersecting, it follows that {Q} is compactly
supported in ). By choosing a subsequence if necessary, we can assume that the ver-
tices of Q) converge to the corresponding vertices of some fixed cube ),. Choosing
t € (1,2) so close to 1 that f(0tQx)/2 < f(0Qx) < 2f((0/t)Qo), we may assume
that (1/t)Qs C Qr C tQo for all k. By a subsequence argument, we may assume
that all our cubes ) are the same 5-dilatable cube Q) = tQ),. We may also assume
that Ry, 1/Ry > 4'/7 for all k, and normalise f so that 11} ,q =1 Let Ej, C Ej

be such that [E}|/|Q = R, and let Dy = Ep\U,;5, £} (so that [Dy| > |E;[/2).
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We choose § > 0 so small that pro/(p + r2(1 4+ 0)73) < ¢. Letting r3 = ro(1 4+ 6) 72,

and v = kzl R*Xp,, we note that w = (Mv)/P(+9) ¢ RH??. Also,

‘Mle/p(H_(s) < CHle/p(l+6) <C

ol oo < ol gy g0 010 = IMOILEEES !

I4+rs/p(1+6) _
& =

Since fw > R pr on Dy, it follows as in the Special Case that

—r —r r 53 —
2| B(Cpr, Q; fw,01)|/1Q] > 2| Dg|/|Q| > Ry" = py 2P/ w2 0x0) 0 s pa

Lemma 2.1 now gives the required contradiction.

Case 2: 1(Qr) — 0(k — 0).

Clearly, we may assume that [(Qr+1) < [(Qk)/100. Although o = 2, we may
actually assume that the cubes {o2Q)} are pairwise intersecting, where oo = 11/10.
This is because a T-sequence with parameters o, ¢’ has a subsequence which is a
T-sequence with parameters o9, o’ (simply decrease each Ry by a factor o™ /c%, and
recover (3.2) by taking the subsequence consisting of every Nth triple for appropri-
ately large N). As before, one can extract either a pairwise disjoint or a pairwise
intersecting subsequence of the associated subsequence of {o2Qy }; we have, of course,
already handled the former case.

Since the cubes {02Q)} are now assumed to be pairwise intersecting, it follows
that Ung D Q(Ung+1>, where o3 = 6/5 AISO, {(O'SQNk,ENk,RNk)}zo:l is a T-
sequence with parameters o/o3 and o’/o3, where N is any integer greater than o¥.
Thus if we take o/03 and ¢’/o3 as the parameters of our original T-sequence, we
may assume that 2Qr1 C Qy, for all £ > 1.

We may further assume, by induction, that [(Qf) decreases fast enough that
|Ex\2Qk+1| > |Fk|/2. Replacing Ey by Er\2Qk+1, a subsequence argument gives
us a new T-sequence; thus we may assume that Fjp and 2Qyy; are disjoint. As

before, we now choose a subset E; of Ej such that |E;|/|Qk| = R, ™. We apply
1/p(1+4)
Lemma 2.3(ii) to produce a weight w such that w(z) =~ ¢, <MXE12 (x or

T € Qr\2Qk+1. Clearly, Q) contains a cube Py, disjoint from 2Qx11 and of sidelength

at least [(Qr)/3. Let us write o4 = y/0/o3. Using the doubling property of wP, we
see that

)1/p(1+5)

]l < Cllwll, p, <C

P,04Qr —

Ck <MXE;/§

p7Pk:
1/p(1+8 1/p(1+68)?
< Cexl|MX gy |0 < Cew (|1 B41/1Qu) P

This case can now be finished as in the Special Case.
Case 3: 1(Qr) — oo (k — 0).

As in Case 2, we may assume that 2Q; C Qg1 for all £ > 1 if we change the
parameters of the T-sequence to o/o3 and ¢'/o3. We write 04 = /o /o3. If, for
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all £ > 1, |Ex41\2Qk| > |Ek+1]/2, we simply apply Lemma 2.3(ii), as in Case 2
If we cannot make such an assumption, even by taking a subsequence, there must
exist ko such that for k > ko, |Ex\2Qk,| < |Ek|/2. Replacing Ej by Ex N 2Qy,, a
subsequence argument allows us to assume that £, C @1, for all £ > 1; in particular
|Ex| is bounded above. By again taking a subsequence, we may assume that {|Eg|}
is either bounded away from 0, or has limit 0.

Subcase 3a: |Eg| > e >0 for all k.
We normalise f so that || f||, -0, = 1. Since h(t) = |E(t,Qq; f,0)| is decreasing

and upper semicontinuous on (0, 00), there exists ¢ty > 0 such that
W) >e — t<tg
h(t) < e, t > 1.

Writing E = E(tg, Q1; f,0), we have ty = ingf(:c) > mEIS f(z) for all k, and so by
TE TEL

a subsequence argument, we may assume that Fy = FE for all k. Letting w(z) =
(MXg(z))PH e see that

]| < Cal/PH here ar = |E|/|Qul.

p,04Qr —
We replace Ry by Rj, = a, e ", noting that {R},} is a sequence tending to infinity
and that R} < Ry (so (3.1) remains true when we replace Ry by Rj;). The proof
is finished as in the Special Case (w, E, and R). play the roles of wy, E; and Ry
respectively).

Subcase 3b: |Ex| — 0 (k — 00).
Here we may assume that |Eyy1| < |Eg|/4 for all k. Let us choose § > 0
so small that pra/(p + r2(1 +0)7%) < ¢. We define Dy, = Ep\U,», Ej, v =

S (1Qul/ 1D )Y Xp,  and w = (Mv)Y/P0+9)_ Clearly |Dy| > 2|Ey|/3 and

so |Dy| > 3|Dg41|- We write ar, = |Dy|/|Qk| and replace Ry by Rj, = a:/rr"; again

R) < Ry, (for k > 1) and R) — oo (k — 00). Therefore

146 5 1 « 5 5/(145
|w Hz(lei < lliT5.0u0, < mZWlW(H )|D;|*/0+)
5/(145
<ol (|D \) @l
Qx| \ Q1] | Qxl

If x € Dy, we get as before that
F) 3
f@yw(z) > Ry, (1Qul/ID) " £ o
5)3 5)?
> Ry, (|Q1|/1D6)) P (1Qel /1P ol o,

(; 3
> CRY, (|Qul/ID) P | full, o, -

~1/p(1+8)° _ a;[p+r2(1+6)_3]/pr2, we see that for k > 2,

Letting pr, = Rj.a,,

‘E(C,Ok,Qk, fw,a4)| > qp = p;pTZ/(p+T2(1+6)_3) > plzq
Lemma 2.1 now gives the required contradiction. [J



13

References

[1] Buckley, S. 1994 Pointwise multipliers for reverse Holder spaces. Studia Math-
ematica 109, 23—-39.

[2] Coifman, R. and Fefferman, C. 1974 Weighted norm inequalities for maximal
functions and singular integrals. Studia Mathematica 51, 241-50.

[3] Garcia-Cuerva, J. and Rubio de Francia, J. 1985 Weighted norm inequalities
and related topics. Mathematics Studies 116. Amsterdam. North-Holland.

[4] Gehring, F. 1973 The LP integrability of the partial derivatives of a quasicon-
formal mapping. Acta Mathematica 130, 265-77.

[5] Iwaniec, T. and Nolder, C. 1985 Hardy-Littlewood inequality for quasiregular
mappings in certain domains in R"™. Annales Academiae Scientiarum Fennicae Series
A 1. Mathematica 10, 267-82.

[6] Muckenhoupt, B. 1972 Weighted norm inequalities for the Hardy maximal func-
tion. Transactions of the American Mathematical Society 165, 207—26.

[7] Sawyer, E. 1982 Two weight norm inequalities for certain maximal and integral
operators. In F. Ricci and G. Weiss (eds), Harmonic analysis, 102-27. Lecture Notes
in Mathematics 908. Berlin/Heidelberg/New York. Springer-Verlag.

[8] Stein, E.M. 1970 Singular integrals and differentiability properties of functions.
Princeton University Press.

[9] Stredulinsky, E. 1980 Higher integrability from reverse Holder inequalities. In-
diana University Mathematics Journal 29, 407-13.



