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Abstract. There is as yet no satisfactory description of the closed subalgebras of infinitely-
differentiable real-valued functions on a smooth manifold. The same is true of the algebra of
C* functions, fork > 1. The Stone—Weierstrass Theorem solves the problem for C 0 functions.
Whitney's Spectral Theorem provides a description of the closed ideals in the general case.
Nachbin described the maximal closed subalgebras of C K in 1949, and he responded to a
question of Segal by proposing a conjecture about the general case. We describe some further
progress on the problem, and a refinement of Nachbin’s conjecture.
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1. Introduction

(1.1) Let ¥y, ..., ¥, € C®°(R?,R) and let f € C®(RY, R). When do there exist
polynomials p, € R[xy, ..., x,] such that

Pn(lbl(x)e LR ] ‘,!'fr(x)) — f(x)

in the usual topology on C* (R4, R)? For instance, which f € C (R4, R) may be
obtained as

Iim p, (_1'3. coS X)

n—0Q

where the p,, are real polynomials in two variables?

One could also ask about C* approximation, for an integer k > 0, and other
variations.

In the case of C* approximation, that is, locally uniform approximation, the Stone—
Weierstrass theorem provides all the answers. It allows us to answer three different
problems about a given unital algebra A of continuous functions:

1. Whenis clos A = C%(X)?
2. When does f € clos A?
3. When is A closed?

For a C¥ manifold M, one has similar problems about subalgebras of C* (M), but
they are not so simple, nor do they reduce in this way to one problem.
We concentrate on the case k = oo, which is typical of C*, k > 1.






